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+M+B2b BM i?2 7Qm` [m`i2`b Q7 i?2 ?2B;?iX Zm`i2` R
Bb +HQb2bi iQ i?2 i2KTHi2X X X X X X X X X X X X X X X X X X X X X X X eN
jXjj oQ`QMQB pQHmK2b Q7 T`iB+H2b BM Hv2`b `QmM/ i?2 /Bp+M+vX X X X X X X dy
jXj9 oQ`QMQB pQHmK2 Q7  /Bp+M+v pbX iBK2X X X X X X X X X X X X X X X X dR
tp
jXj8 h?2 /Bp+M+vǶb pQ`QMQB +2HHX X X X X X X X X X X X X X X X X X X X X X dj
jXje p2`;2 oQ`QMQB pQHmK2 7Q` i?2 M2`2bi M2B;?#Q`b Q7 i?2 /Bp+M+v pbX
iBK2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X d9
jXjd h?2 QMHv /Bp+M+v iQ KQp2 irB+2 /m`BM; i?2 RjX8 ?Qm`b Bb BM/B+i2/
#Qp2 rBi? irQ v2HHQr T`iB+H2b bBimi2/ i i?2 /Bp+M+vǶb irQ +2Mi2`bX
h?2 }`bi DmKT Q++m``2/ 7i2` j ?Qm`bX h?2 b2+QM/ DmKT Q++m``2/ 9X8
?Qm`b BMiQ i?2 2tT2`BK2MiX X X X X X X X X X X X X X X X X X X X X X X de
jXj3 hBK2 Q7 i?2 KQp2K2Mi Q7 i?2 /Bp+M+B2b b  7mM+iBQM Q7 i?2B` ?2B;?iX
h?2 +B`+H2/ /Qib BM/B+i2 i?2 bK2 /Bp+M+vX X X X X X X X X X X X X X d3
jXjN CmKT 7`2[m2M+v Q7 i?2 /Bp+M+v Qp2` ii2KTi 7`2[m2M+v pb `2/m+2/ T`2b@
bm`2 7Q` "2MM2ii M/ H/2`Ƕb /i U#Hm2V M/ Qm` +`vbiH U`2/VX h?2 HBM2
Bb  }i iQ "2MM2ii M/ H/2`Ƕb /iX X X X X X X X X X X X X X X X X X X dN
jX9y .Bbi`B#miBQM Q7 BMi2`biBiBH @ p+M+v TB`b +`Qbb 7Qm` [m`i2`b Q7 i?2 ?2B;?iX 3y
jX9R MMB?BHiBQM Q7  p+M+v @ BMi2`biBiBH TB`X h?2 BMi2`biBiBH Bb M2ti iQ
 p+M+v BM i?2 Hv2` #2HQrX h?2 `B;?i };m`2b b?Qr i?2 Hv2`b jy KBM
Hi2`X h?2 BMi2`biBiBH ?b KQp2/ BMiQ i?2 p+M+vX X X X X X X X X X X X 3k
jX9k hBK2 Q7 i?2 MMB?BHiBQM Q7 i?2 BMi2`biBiBH @ p+M+v TB`b- b  7mM+iBQM
Q7 i?2B` ?2B;?iX X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3j
9XR hQT, i?2 }`bi Hv2` Q7  &Ryy' ∑ 8 iBHi ;`BM #QmM/`vX "QiiQK, }`bi
Hv2` Q7  &RRy' ∑j irBM #QmM/`v 7Q` 6** +`vbiHbX X X X X X X X X X 3e
9Xk SQbBiBQM Q7 M  Hv2`- " Hv2`- M/ * Hv2` /`rM HQM; rBi? i?2 IRRy=
M/ i?2 16a < 112¯ > /B`2+iBQMX h?2 `2/ ``Qr BM/B+i2b  → " → *X X X N8
9Xj *`vbiH ;`Qri? p2`bmb iBK2 7i2` yKBM- jRd KBM- ey9 KBM- M/ 3Nj KBMX
h?2 +QHQ` b+?2K2 BM/B+i2b i?2 Q`/2` T`K2i2` Q7 2+? +QHHQB/X  +QHHQB/
rBi? M Q`/2` T`K2i2` Q7 ky Q` #Qp2 Bb +QMbB/2`2/ +`vbiHHBM2X X X X X N8
9X9 SB` /Bbi`B#miBQM Q7 i?2 +`vbiHX h?2 M2`2bi M2B;?#Q` T2F Bb HQ+i2/ i
RXek µK- M/ i?2 b2+QM/ M2`2bi M2B;?#Q` /BbiM+2 Ui?2 HiiB+2 T`K2i2`
aV Bb HQ+i2/ i kXjy µKX X X X X X X X X X X X X X X X X X X X X X X X Nd
9X8 LmK#2` Q7 +`vbiH Hv2`b pbX iBK2X h?2 +`vbiH ;`Qri? `i2 Bb +QMbiMi
7Q` i?2 }`bi Nyy KBMX X X X X X X X X X X X X X X X X X X X X X X X X X N3
9Xe aMT b?Qib Q7  bi+FBM; 7mHi M/  /BbHQ+iBQM KQpBM; iQr`/b  irBM
#QmM/`v- biQTTBM; i i?2 #QmM/`v- M/ Hi2` TbbBM; i?`Qm;?X h?2 `2/
T`iB+H2b BM/B+i2 bi+FBM; 7mHib M/ irBM +QM};m`iBQMb KQM; M2`@
2bi M2B;?#Q`bX h?2 v2HHQr T`iB+H2b BM/B+i2 /BbHQ+iBQMbX S`iB+H2b rBi?
T2`72+i 6** +QQ`/BMiBQM ?p2 #22M iF2M QmiX X X X X X X X X X X X X Ryk
9Xd aK2 2p2Mi b BM i?i b?QrM BM 6B;m`2 9Xe #mi rBi? BK;2b iF2M 7`QK i?2
#QiiQKX LQi2 i?i r?2M i?2 /BbHQ+iBQM Bb TbbBM; i?`Qm;? i?2 #QmM/`v-
MQi?2` /BbHQ+iBQM Bb `2~2+i2/ #+FX X X X X X X X X X X X X X X X X X Ryj
tpB
9X3 aB/2 pB2r Q7  8µK i?B+F +mi i?`Qm;? i?2 bi+FBM; 7mHi THM2X h?2
#Hm2 T`iB+H2b BM/B+i2 T`iB+H2b rBi? 6** +QQ`/BMiBQM- i?2 `2/ T`iB+H2b
BM/B+i2 i?2 bi+FBM; 7mHi M/ i?2 irBM #QmM/`vX h?2 v2HHQr T`iB+H2b
BM/B+i2 i?2 /BbHQ+iBQMX PM2 +M b22  bi2T H27i #2?BM/ BM i?2 irBM
#QmM/`v r?2M i?2 i`MbKBii2/ M/ `2~2+i2/ /BbHQ+iBQM ?p2 Mm+H2i2/X Ry9
9XN *`vbiHHQ;`T?B+ /B`2+iBQMb Q7 i?2 +`vbiH iQ i?2 H27i Q7 i?2 irBM #QmM/`vX Rye
9XRy *`vbiHHQ;`T?B+ /B`2+iBQMb Q7 i?2 +`vbiH iQ i?2 `B;?i Q7 i?2 irBM #QmM/`vXRyd
9XRR h?2 bi+FBM; 7mHib U`2/ T`iB+H2bV- i?2 irBM #QmM/`v U`2/ T`iB+H2bV- M/
i?2 /BbHQ+iBQMb Uv2HHQr T`iB+H2bV BM i?2 KB+`Qb+QT2 +QQ`/BMi2 bvbi2KX
S`iB+H2b rBi? T2`72+i 6** +QQ`/BMiBQM ?p2 #22M `2KQp2/X X X X X X X RyN
9XRk *QMb2`piBQM Q7 i?2 "m`;2`b p2+iQ`b BM i?2 BMi2`+iBQM #2ir22M  bi+FBM;
7mHi M/  irBM #QmM/`vX X X X X X X X X X X X X X X X X X X X X X X RRy
9XRj h?2 "m`;2`b p2+iQ` i i?2 #QmM/`v rb 7QmM/ BM 7Qm` bi2Tb, RX _Qii2
i?2 +`vbiH iQ }M/ i?2 T2`T2M/B+mH` &Ryy' THM2 iQ i?2 i2KTHi2X kX
A/2MiB7v i?2 irQ 2ti` ?H7 THM2bX h?2B` "m`;2`b p2+iQ`b `2 2[mH M/
QTTQbBi2X jX *`2i2  "m`;2`b +B`+mBi M/ B/2MiB7v i?2 /B`2+iBQM Q7 i?2
"m`;2`b p2+iQ` `QmM/ i?2 i`MbKBii2/ /BbHQ+iBQMX 9X 6BM/ i?2 "m`;2`b
p2+iQ` #v K2bm`BM; i?2 p2`;2 Q7 i?2 irQ ivT2b Q7 p2+iQ`b BM/B+i2/
;`22M M/ #H+F BM i?2 TB+im`2- bm#i`+i i?2 irQ- M/ `Qii2 i?2 p2+@
iQ` #+F ;BMX h?2 "m`;2`b p2+iQ` BM i?2 #QmM/`v rBHH #2 2[mH M/
QTTQbBi2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RRk
9XR9 hQT, i?2 MmK#2` Q7 T`iB+H2b BM i?2 bi+FBM; 7mHi #QmM/2/ #v i?2 KQpBM;
/BbHQ+iBQM b  7mM+iBQM Q7 iBK2X "QiiQK, i?2 +`vbiH ;`Qri? rBi? i?2
/BbHQ+iBQMb KDQ` KQp2K2Mib BM/B+i2/X X X X X X X X X X X X X X X X RRj
9XR8 LmK#2` Q7 T`iB+H2b BM i?2 bi+FBM; 7mHi 7QHHQrBM; i?2 /BbHQ+iBQM ;Q@
BM; i?`Qm;? i?2 irBM #QmM/`v U#Hm2V M/ i?2 bi+FBM; 7mHi #2?BM/ i?2
/BbHQ+iBQM i?i Bb `2~2+i2/ U`2/V X X X X X X X X X X X X X X X X X X X RR8
9XRe .BbiM+2 i`p2HH2/ #v i?2 2/;2 Q7 i?2 bi+FBM; 7mHi 7QHHQrBM; i?2 /BbHQ+@
iBQM ;QBM; i?`Qm;? i?2 irBM #QmM/`v U#Hm2V M/ #v i?2 /BbHQ+iBQM i?i
;2ib `2~2+i2/ U`2/V X X X X X X X X X X X X X X X X X X X X X X X X X X RRe
9XRd S`K2i2`b 7Q` i?2 bi`BM `2HB2p2/ #v M 2/;2 /BbHQ+iBQM BM j. X X X X X RR3
9XR3 .BbHQ+iBQM rBi? M B``2;mH` ?H7 THM2 rBi? `2 X X X X X X X X X X X RRN
9XRN 1/;2 /BbHQ+iBQM rBi?  ;2M2`H ?H7 THM2 +QK2b BM i M M;H2 α iQ i?2
i2KTHi2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rky
9Xky h?2 bi`BM `2HB2p2/ #v i?2 /BbHQ+iBQM p2`bmb iBK2X X X X X X X X X X X Rkk
9XkR 1+? bi+FBM; 7mHi BM i?2 bKTH2 ?b #22M B/2MiB}2/ M/ /`rM rBi?
b2T`i2 +QHQ`bX h?2 BM+QKBM; M/ i`MbKBii2/ bi+FBM; 7mHib BM 6B;m`2b
9Xe- 9Xd- M/ 9X3 `2 BM/B+i2/X X X X X X X X X X X X X X X X X X X X X Rkj
9Xkk ai`BM `2HB27 p2`bmb iBK2 #v 2+? bi+FBM; 7mHi BM i?2 bKTH2X h?2 bi+F@
BM; 7mHi i?i T2M2i`i2b i?2 irBM #QmM/`v Bb K`F2/ hX X X X X X X X Rk9
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9Xkj *mKmHiBp2 bi`BM `2HB27 p2`bmb iBK2 #v 2+? bi+FBM; 7mHi BM i?2 bKTH2X
h?2 bi+FBM; 7mHi i?i T2M2i`i2b i?2 irBM #QmM/`v Bb K`F2/ hX X X X Rke
9Xk9 h?2 /BbHQ+iBQM KQp2b 7Q`r`/ /m2 iQ i?2 S2+?@EQ2?H2` 7Q`+2- FPK -
+iBM; QM HH bB/2bX X X X X X X X X X X X X X X X X X X X X X X X X X X Rkd
9Xk8 h?2 S2+?@EQ2?H2` 7Q`+2- FPK - Bb #HM+2/ #v i?2 HBM2 i2MbBQM- Fl- M/
i?2 /`; 7Q`+2- FdX X X X X X X X X X X X X X X X X X X X X X X X X X X Rk3
9Xke h?2 /BbHQ+iBQM Q7 BMi2`2bi +QKBM; BM iQr`/b i?2 irBM #QmM/`vX X X X X RkN
9Xkd .BbHQ+iBQM p2HQ+BiB2b #2ir22M i?2 R8 KBM iBK2 bi2TbX "Hm2 BM/B+i2 i?2
/BbHQ+iBQM KQpBM; 7Q`r`/X :`22M BM/B+i2b i?2 /BbHQ+iBQM KQpBM; #+F@
r`/bX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rjk
9Xk3 h?2 /BbHQ+iBQM +QM};m`iBQM #27Q`2 M/ 7i2` T2M2i`iBQM i?`Qm;? i?2
#QmM/`vX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rjj
eXR h2KTHi2b `2 T`Q/m+2/ BM KmHiBTH2 bi2Tb, RV h?2 ;Hbb bHB/2 Bb +H2M2/ BM
+2iQM2 M/ K2i?MQHc kV  T`BK2` Bb bTBM@+Q/2/ QM iQT Q7 i?2 ;Hbb bHB/2c
jV  Hv2` Q7 T?QiQ`2bBbi Bb bTBM@+Q/2/ QM iQT Q7 i?2 T`BK2`c 9V i?2 ;Hbb
bHB/2 Bb 2tTQb2/ iQ lo HB;?ic 8V i?2 ;Hbb bHB/2 Bb /2p2HQT2/ iQ `2KQp2
i?2 2tTQb2/ T?QiQ`2bBbic eV i?2 ;Hbb bHB/2 Bb 2i+?2/ M/ i?2 T?QiQ`2bBbi
Bb `2KQp2/X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9k
eXk JB+`Qb+QT2 BK;2 Q7  RRy i2KTHi2X X X X X X X X X X X X X X X X X X R9j
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GBbi Q7 h#H2b
jXR S`K2i2`b mb2/ 7Q` T`iB+H2 HQ+iBQM BM i?2 ǴxQQK2/@BMǴ &RRR' /i@b2i k9
jXk S`K2i2`b mb2/ 7Q` T`iB+H2 HQ+iBQM BM i?2 ǴxQQK2/@QmiǴ&Ryy' /i@b2i kd
jXj S`K2i2`b mb2/ 7Q` p+M+v HQ+iBQM BM i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2i jy
jX9 oQHmK2 `2HtiBQM bmKK`v Q7 /Bz2`2Mi K2bm`2K2Mib T`2b2Mi2/ #Qp2X ek
jX8 CmKT 7`2[m2M+v M/ :B##b 7`22 2M2`;v 7Q` i?2 p+M+v- i?2 /Bp+M+v-
M/ i?2 p+M+v @ BMi2`biBiBH TB`X X X X X X X X X X X X X X X X X X X 3R
9XR _QiiBQM Ki`Bt 7Q` H27i bB/2 Q7 i?2 +`vbiHX X X X X X X X X X X X X X X Ry8
9Xk _QiiBQM Ki`Bt 7Q` `B;?i bB/2 Q7 i?2 +`vbiHX X X X X X X X X X X X X X Ry3
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AMi`Q/m+iBQM
*QHHQ/BH +`vbiHb +M #2 bim/B2/ iQ KBKB+ iQKB+ +`vbiHb (R) (k)X.m2 iQ i?2 bBx2 Q7 iQKb- Q#b2`pBM; iQKB+ +`vbiHb +M #2 /B{+mHi
#2+mb2 i?2 `2bQHmiBQM i bm+?  bKHH b+H2 Bb HBKBi2/- M/ i?2 iBK2 b+H2 i
r?B+? KQp2K2Mib ?TT2Mb Bb 7bi2` i?M i?2 BK;BM; T`Q+2bbBM;X h?2`27Q`2-
b+B2MiBbib i?`Qm;? i?2 v2`b ?p2 bQm;?i Hi2`MiBp2 K2i?Q/b iQ bim/v iQKB+
BMi2`+iBQMbX PM2 bm+? KQ/2H rb /2p2HQT2/ #v Gr`2M+2 "`;;- r?Q BM@
p2Mi2/ i?2 #m##H2 `7i r?2`2 bKHH bQT #m##H2b 7Q`K2/ +HQb2@T+F2/ k.
R
+`vbiHb (j)X GQ+HHv- i?2 k. +`vbiHb +QmH/ #2 T2`72+i- #mi ;`BM #QmM/`B2b
r2`2 Q#b2`p2/ r?2M +`vbiHb r2`2 ;`QrM QM  H`;2` b+H2X Pi?2` /272+ib
+QmH/ HbQ #2 BMi`Q/m+2/X o+M+B2b +QmH/ #2 +`2i2/ #v /2bi`QvBM; bBM;H2
#m##H2b M/ ri+?BM; i?2K KB;`i2X .BbHQ+iBQMb r2`2 bim/B2/ #v T2`7Q`K@
BM; +QKT`2bbBQM M/ b?2`X h?Bb KQ/2H rQ`F2/ p2`v r2HH BM k.- #mi Bi rb
MQi 2z2+iBp2 7Q` j. Q#b2`piBQMX
 #2ii2` j. KQ/2H Bb i?2 ?`/@bT?2`2 bvbi2KX *QHHQB/H +`vbiHb +M
#2 mb2/ b  ?`/@bT?2`2 bvbi2K BM r?B+? TQBMi M/ HBM2 /272+ib `2 +`2i2/
/m`BM; ;`Qri?X h?2 /272+ib +M HbQ #2 BMi`Q/m+2/ #v KMBTmHiBM; i?2
;`Qri? (9) (8) Q` #v mbBM; 2ti2`MH 7Q`+2b QM M H`2/v ;`QrM +`vbiH (e)X h?2
#2bi rv iQ Q#b2`p2 i?2b2 +`vbiHb M/ i?2B` /272+i BMi2`+iBQMb Bb +QM7Q+H
KB+`Qb+QTv (d)X h?Bb i?2bBb +Qp2`b bQK2 bT2+ib Q7 TQBMi M/ HBM2 /272+ib BM
?`/@bT?2`2 +QHHQB/H +`vbiHb M/ i?2B` BMi2`+iBQMbX
*?Ti2` k 7Q+mb2b QM i?2 K2i?Q/b M/ i?2Q`v Q7 Q#iBMBM; +QHHQB/H
+`vbiHb rBi? /Bz2`2Mi Q`B2MiiBQMb- bi`m+im`2b- M/ /272+i /2MbBiB2bX h?2
7Q`KiBQM Q7 ?`/@bT?2`2 +`vbiHb /`Bp2M #v 2Mi`QTv M/ pQHmK2 7`+iBQM Bb
/2b+`B#2/X h?2 BKTQ`iMi BM;`2/B2Mib 7Q` bm++2bb7mH bvMi?2bBb Q7  +QHHQB/H
bvbi2K i?i +M 2bBHv #2 Q#b2`p2/ M/ BK;2/ BM  +QM7Q+H KB+`Qb+QT2 `2
T`QpB/2/X  H`;2 T`i Q7 i?2 +?Ti2` Bb /2pQi2/ iQ i?2 +imH 7#`B+iBQM
bi2Tb BMpQHp2/ BM ;`QrBM;  +`vbiHX
*?Ti2` j 2tTHQ`2b TQBMi /272+ib- rBi?  T`iB+mH` 2KT?bBb QM p@
+M+B2bX aiiBbiB+H K2bm`2K2Mib `2 K/2 Q7 pQHmK2b- +QM+2Mi`iBQMb-
M/ KQp2K2MiX h?2`2 ?p2 #22M +QKTmi2` bBKmHiBQMb Q7 ?`/@bT?2`2 bvb@
i2Kb (3) (N) M/ 2tT2`BK2Mib QM +QHHQB/H +`vbiHb (Ry)- #mi MQ rQ`F bQ 7`
?b b?QrM 2tT2`BK2MiH p+M+v KQiBQM BM ?`/@bT?2`2 +QHHQB/H +`vbiHbX 
k
bi`B;?i7Q`r`/ K2i?Q/ 7Q` }M/BM; i?2 p+M+B2b BM i?2 +`vbiH Bb /2b+`B#2/X
JQpBM; p+M+B2b `2 7QmM/ +HQb2 iQ /BbiQ`iBQMb- ;`BM #QmM/`B2b- M/ /Bb@
HQ+iBQM HBM2b- #mi MQ bBM;H2 p+M+B2b KQp2X AM +QMi`bi- KQiBQM +M #2
Q#b2`p2/ 7Q` /Bp+M+B2b M/ i?2 DmKT 7`2[m2M+v +M #2 +QKT`2/ iQ T`2pB@
Qmb bBKmHiBQM rQ`F i HQr2` /2MbBiB2bX HbQ- BMi2`biBiBHb M2ti iQ p+M+B2b
`2 #`B2~v /Bb+mbb2/X
*?Ti2` 9 BMp2biB;i2b i?2 BMi2`+iBQM #2ir22M  irBM #QmM/`v M/ 
/BbHQ+iBQMX JMv 2tT2`BK2Mib M/ bBKmHiBQMb ?p2 #22M T2`7Q`K2/ QM i?Bb
iQTB+ (RR) (Rk)- #mi i?Bb 2tT2`BK2Mi Qz2`b  mMB[m2 pB2r Q7 i?2 BMi2`+iBQM QM
i?2 T`iB+H2 H2p2HX h?2 /BbHQ+iBQM @ irBM #QmM/`v BMi2`+iBQM Bb BKTQ`iMi BM
Q`/2` iQ mM/2`biM/ rQ`F ?`/2MBM;- vB2H/ bi`2bb- M/ /m+iBHBiv Q7  Ki2`BH
(Rj)X :`BM #QmM/`B2b BM ;2M2`H `2 r2HH@FMQrM iQ ?BM/2` i?2 KQiBQM Q7
/BbHQ+iBQMb- H2/BM; iQ ?B;?2` vB2H/ bi`2M;i? (Rj)X >Qr2p2`- ;`BM #QmM/`B2b
+M HbQ /2+`2b2 i?2 2HQM;iBQM iQ 7BHm`2 `iBQ BM  i2MbBH2 i2bic BM Qi?2`
rQ`/b- /2+`2b2 i?2 /m+iBHBiv Q7 i?2 Ki2`BHX aBKmHiBQMb M/ 2tT2`BK2Mib
QM /BbHQ+iBQM @ irBM #QmM/`v BMi2`+iBQMb BM/B+i2 i?i  /BbHQ+iBQM +M
#2 /BpB/2/ BMiQ irQ T`ib- QM2 i?i TBH2b mT BM i?2 #QmM/`v M/ QM2 i?i
T2M2i`i2b (R9) (R8) (Re)X h?Bb H2/b iQ ?B;?2` vB2H/ bi`2M;i? M/ H2p2b
i?2 /m+iBHBiv mM+?M;2/- M/ i?2`27Q`2 BM+`2b2b i?2 Qp2`HH iQm;?M2bb Q7
i?2 Ki2`BH (Re)X AM i?Bb +?Ti2`  a?Q+FH2v T`iBH /BbHQ+iBQM BM  7+2@
+2Mi2`2/ +m#B+ U6**V +`vbiH- BMi`Q/m+2/ #v HiiB+2 bi`BM- KQp2b iQr`/b 
Σ j &RRR' irBM #QmM/`v /m`BM; i?2 ;`Qri? Q7 i?2 +QHHQB/H +`vbiHX q?2M
i?2 T`iBH /BbHQ+iBQM ?Bib i?2 #QmM/`v- i?2 KQiBQM biQTb 7Q`  r?BH2 #27Q`2
T2M2i`iBQM- BM/B+iBM; i?i  #mBH/@mT BM bi`BM 2M2`;v #v i?2 ;`Qri? Q7 i?2
+`vbiH Bb M22/2/ iQ /`Bp2 i?2 T`Q+2bbX
j
2
J2i?Q/b M/ h?2Q`v 7Q` P#iBMBM; M/
P#b2`pBM;  *QHHQB/H >`/@aT?2`2 *`vbiH
>`/@bT?2`2 +QHHQB/H T`iB+H2b `2 i2M i?QmbM/ iBK2b H`;2`i?M iQKb- #mi i?2 #2?pBQ` Q7 /272+ib BM i?2B` `2bT2+iBp2 +`vbiHb
`2 bi`BFBM;Hv bBKBH`X h?Bb +?Ti2` rBHH ;Bp2  /2iBH2/ /2b+`BTiBQM iQ ?Qr
QM2 +M Q#iBM +QHHQB/H +`vbiHb rBi? /Bz2`2Mi bi`m+im`2b M/ Q`B2MiiBQM-
b r2HH b ?Qr iQ BMi`Q/m+2 /272+ibX M Qp2`pB2r Q7 K2i?Q/b 7Q` Q#b2`pBM;
M/ b2+m`BM; T`iB+H2 HQ+iBQMb Bb ;Bp2M b r2HHX
9
kXR *QHHQB/H ambT2MbBQM
kXRXR _2+BT2
h?2 +QHHQB/H T`iB+H2b BM i?Bb 2tT2`BK2Mi r2`2 T`QpB/2/ #v KB`+QKQ/ S`@
iBF2Hi2+?MQHQ;B2 :K#>X h?2v `2 KQ`T?Qmb bBHB+ T`iB+H2b rBi?  /BK2i2`-
/- Q7 RX88 µK- TQHv/BbT2`bBiv- σf/ Uσ, p`BM+2V- IjX8W- M/  /2MbBiv Q7
kXy ;f+K3- r?B+? ;Bp2b  Kbb Q7 3.9 × 10−15 F;X h?Bb `r biQ+F Q7 +QH@
HQB/b URX8WV Bb KBt2/ BMiQ  bQHmiBQM rBi? /2BQMBx2/ ri2` Uj8X9WV- /BK2i?vH
bmH7QtB/2 U.JaPV UeRXNWV M/ ~mQ`2b+2BM URXkWVX h?2 .JaP Bb mb2/ 7Q`
Ki+?BM; i?2 BM/2t Q7 `27`+iBQM #2ir22M i?2 +QHHQB/b M/ i?2 bQHmiBQMX h?Bb
Bb BKTQ`iMi 7Q` irQ `2bQMb, RV Bi KF2b Bi TQbbB#H2 iQ b+M /22T BMiQ i?2
bKTH2 rBi?  +QM7Q+H KB+`Qb+QT2- bBM+2 b+ii2`BM; 7`QK T`iB+H2b #Qp2 M/
#2HQr Bb HBKBi2/c kV Bi KBMBKBx2b pM /2` qHb 7Q`+2b #2ir22M i?2 T`iB+H2b-
r?B+? Bb BKTQ`iMi iQ Q#iBM  ?`/@bT?2`2 BMi2`+iBQM #2ir22M i?2 bT?2`2bX
h?2 ~mQ`2b+2BM Bb mb2/ iQ +`2i2  ;QQ/ +QMi`bi #2ir22M i?2 +QHHQB/b M/
i?2 ~mB/ BM i?2 KB+`Qb+QT2 Ui?2 T`iB+H2b TT2` b #H+F /Qib BM i?2 #`B;?i
b+ii2`BM; HB[mB/VX h?2 ~mQ`2b+2BM HbQ //b bQK2 bHi BQMb- r?B+? `2/m+2b
i?2 .2#v2 b+`22MBM; H2M;i? iQ H2bb i?M Ry MK (Rd)X h?2 /2MbBiv Q7 i?2 bQ@
HmiBQM Bb Dmbi  HBiiH2 ?B;?2` i?M i?i Q7 ri2`- RXRy ;f+K3X aQK2iBK2b- 
KQ`2 +QM+2Mi`i2/ p2`bBQM Q7 +QHHQB/b Bb /2bB`#H2X qBi? KQ`2 +QHHQB/b BM
i?2 bmbT2MbBQM- i?2 +`vbiH ;`Qrb ?B;?2`X A7 KQ`2 `r biQ+F Bb //2/ iQ i?2
bmbT2MbBQM iQ Q#iBM  M2r iQiH 7`+iBQM- fRawStock- i?2 7`+iBQM Q7 ri2`-
fwater- /2+`2b2b BM Q`/2` i?i i?2 BM/2t Q7 `27`+iBQM Q7 i?2 ri2`@.JaP
8
bQHmiBQM `2KBMb i?2 bK2,
fwater = 0.369%− fRawStock UkXRV
h?2 7`+iBQM fRawStock Bb mb2/ iQ T`2/B+i 2tT2`BK2MiH +`vbiH ?2B;?i BM a2+@
iBQM kXReX
kXRXk JBMBKBxiBQM Q7 TQHv/BbT2`bBiv
h?2 TQHv/BbT2`bBiv Q7 i?2 `r biQ+F σd ?b #22M K2bm`2/ iQ #2 IjX8W (Rd)X AM
Q`/2` iQ BKT`Qp2 i?2 TQHv/BbT2`bBiv 7m`i?2` M/ `2KQp2 b2+QM/`v T`iB+H2b-
i?2 +QHHQB/H bmbT2MbBQM Bb bQMB+i2/ M/ pQ`i2t2/- i?2M H27i iQ ?p2 i?2
+QHHQB/b b2iiH2 7Q` #Qmi j ?Qm`bX h?Bb iBK2 Bb /2i2`KBM2/ #v i?2 b2iiHBM;
p2HQ+Biv- vsettlingX h?2b2 +QHHQB/b ++2H2`i2 /m2 iQ ;`pBiv- g- mMiBH i?2 /`;
7Q`+2- Fd- 2[mHb i?2 ;`pBiiBQMH 7Q`+2 FgX i i?i KQK2Mi- i?2 +QHHQB/ ?b
`2+?2/ vsettlingX h?2 ;`pBiiBQMH 7Q`+2 Bb (R3),
Fg = mg =
4
3
pia3∆ρg UkXkV
r?2`2 i?2 `/Bmb Q7 i?2 bT?2`2 Bb a U4 dfkV M/ i?2 /Bz2`2M+2 BM /2MbBiv
#2ir22M i?2 T`iB+H2 M/ i?2 HB[mB/- Bb ∆ρX h?2 /`; 7Q`+2 /2T2M/b QM i?2
pBb+QbBiv Q7 i?2 HB[mB/- η- i?2 p2HQ+Biv- v- M/ ;BM i?2 `/Bmb Q7 i?2 T`iB+H2-
a (R3),
Fd = 6piηav UkXjV
vsettling Bb i?2M (R3),
vsettling =
4a2∆ρg
18η
UkX9V
e
6Q` i?2 +QM/BiBQMb /2b+`B#2/ #Qp2- M/ rBi? pBb+QbBiv- η- 7QmM/ iQ #2 ∼
1.6×10−3 SXb (Rd)- i?2 b2iiHBM; p2HQ+Biv Bb kXd KKf?Qm` U7×10−7 KfbVX aBM+2
i?Bb p2HQ+Biv Bb T`QTQ`iBQMH iQ a2-  e ?Qm` rBi UrBi?  i`p2HBM; /BbiM+2 Q7
ReKKV #27Q`2 i?2 +QHHQB/b `2 /`rM 7`QK i?2 bKTH2 Bb bm{+B2Mi iQ #2 Qmi
Q7 i?2 `M;2 Q7 i?Qb2 T`iB+H2b i?i `2 ?H7 i?2 bBx2 UrBi?  i`p2HBM; /BbiM+2
Q7 9KKV Q` irB+2 b #B; UrBi?  i`p2HBM; /BbiM+2 Q7 e9KKVX *QHHQB/b `2
i?2M /`rM rBi?  TBT2ii2 R@k +K #2HQr i?2 HB[mB/ ?2B;?iX
kXRXj *?QQbBM; i?2 T`iB+H2 bBx2
h?2 T`iB+H2b bBx2 M22/b iQ #2 bKHH 2MQm;? 7Q` ;`pBiv MQi iQ Qp2`+QK2 i?2
i?2`KH 2M2`;v i?i Bb i?2 bQm`+2 Q7 "`QrMBM KQiBQMX h?2 i?2`KH 2M2`;v
Q7  bBM;H2 ?`/@bT?2`2 T`iB+H2 BM  HB[mB/ Bb Uthermal = 3kBT2 X AM i?Bb +b2
i?2 T`iB+H2 ?b j /2;`22b Q7 7`22/QK Ui`MbHiBQMH QMHvVX "v +QKT`BM; i?2
i?2`KH 2M2`;v rBi? i?2 FBM2iB+ 2M2`;v- Ukinetic = mv22 - i?2 T`iB+H2b ?p2 M
p2`;2 "`QrMBM p2HQ+Biv- Ivb =- Q7 (R3),
< vb >=
√
3kBT
m
UkX8V
r?2`2 kB Bb i?2 "QHixKMM +QMbiMi- h Bb i?2 i2KT2`im`2 M/ K Bb i?2 Kbb
Q7 i?2 T`iB+H2X 6Q` i?2 T`iB+H2b BM i?2b2 2tT2`BK2Mib- i `QQK i2KT2`im`2-
i?2 pHm2 Bb 2× 10−3Kfb- 104 iBK2b H`;2` i?M i?2 b2iiHBM; p2HQ+Biv (R3)X
d
kXk *`vbiH :`Qri?
kXkXR >`/@bT?2`2 +QHHQB/H +`vbiHb `2 7Q`K2/ /m2 iQ 2M@
i`QTv
AM iQKB+ +`vbiHb- i  ;Bp2M T`2bbm`2- i?2 i2KT2`im`2 /2i2`KBM2b r?i
T?b2 i?2 Kii2` 2tBbib BMX 6Q` ?`/@bT?2`2 bvbi2Kb- BMbi2/- i?2 pQHmK2
7`+iBQM- φ- Bb i?2 p`B#H2 i?i /2i2`KBM2b i?2 T?b2X *QMbB/2` >2HK?QHix
7`22 2M2`;v- 6- i +QMbiMi pQHmK2,
F = U − TS UkXeV
r?2`2 l Bb i?2 BMi2`MH 2M2`;v M/ a Bb i?2 2Mi`QTvX 6Q` i?2 BMi2`MH 2M2`;v
r2 QMHv M22/ iQ +QMbB/2` i?2 FBM2iB+ 2M2`;v Q7 i?2 T`iB+H2b- Uthermal = 32kBT -
M/ i?2 >2HK?QHix 7`22 2M2`;v #2+QK2b,
F = (
3
2
kB − S)T UkXdV
6Q` Mv i2KT2`im`2- KBMBKBxBM; 6 Q++m`b QMHv #v KtBKBxBM; i?2 2Mi`QTv-
aX h?2 2Mi`QTv /2T2M/b QM i?2 pQHmK2 7`+iBQM Q7 i?2 T`iB+H2b- φ (R3)X b
i?2 pQHmK2 7`+iBQM- φ- BM+`2b2b i?2 +QHHQB/H bmbT2MbBQM ;Q2b 7`QK  ~mB/
T?b2 iQ ~mB/@+`vbiH +Q2tBbi2M+2 i φ4yX9N9 M/ iQ  +`vbiHHBM2 T?b2 i
φ4yX898 (RN) (ky)- b b?QrM BM 6B;m`2 kXRX A7 i?2 +QHHQB/b `2 +QKT`2bb2/
iQ;2i?2` [mB+FHv U2X;X #v +2Mi`B7m;iBQMV rBi? i?2 `B;?i #QmM/`v +QM/BiBQMb
QM  i2KTHi2- M KQ`T?Qmb bi`m+im`2 +M #2 Q#iBM2/ #Qp2 φ4yX83 U∼
;Hbb i`MbBiBQMV (kR)X h?2 +HQb2bi@T+F2/ KQ`T?Qmb bi`m+im`2 ?b φ4yXe9
(kk)X
3
h?2 2[miBQM Q7 bii2 7Q` +QHHQB/H +`vbiHb Bb bBKBH` iQ i?i Q7 M B/2H
;bX A7 P Bb i?2 QbKQiB+ T`2bbm`2- ρ Bb i?2 MmK#2` /2MbBiv Q7 T`iB+H2b- kB Bb
i?2 "QHixKMMǶb +QMbiMi- h Bb i2KT2`im`2- i?2M,
P = ρkBTZ(φ) UkX3V
r?2`2 Z Bb i?2 +QKT`2bbB#BHBiv 7+iQ` i?i QMHv /2T2M/b QM φ (R3)X "v }iiBM;
i?2 KQH2+mH` /vMKB+b /i #v H/2` M/ qBMr`B;?i (kj)- >HH (k9) T`Q@
pB/2/ i?2 7QHHQrBM; 2tT`2bbBQM 7Q` i?2 +QKT`2bbB#BHBiv 7+iQ` Q7  ?`/@bT?2`2
6** +`vbiH,
Z(β) = 2.557696 + 0.1253077β + 0.1762393β2 − 1.053308β3
+2.818621β4 − 2.921934β5 + 1.118413β6 + 12− 3β
β
UkXNV
r?2`2 β,
β(φ) = 4(1− φ
φo
) UkXRyV
M/ φo Bb i?2 +HQb2@T+F2/ T+FBM; 7`+iBQMX
kXkXk *`vbiH ?2B;?i
h?2 ?2B;?i iQ r?B+? r2 ;`Qr i?2 +`vbiHb Bb BKTQ`iMi M/ +M #2 Q#iBM2/
7`QK i?2 +QHHQB/ +QM+2Mi`iBQM Q7 i?2 bmbT2MbBQM- i?2 pQHmK2 Q7 i?2 bmbT2M@
bBQM M/ i?2 pQHmK2 7`+iBQM Q7 i?2 +`vbiHX h?2 +QKTMv i?i 7#`B+i2b
i?2 +QHHQB/b- JB+`QKQ/- bT2+B}2b 8y K; bBHB+ T2` KBHHBHBi2` Q7 `r biQ+F- BX2X
ρSilicaRawStock48y K;f+K3X h?2 bmbT2MbBQM Q7 +QHHQB/b mb2/ 7Q` BK;BM;- +M
#2 K/2 rBi? /Bz2`2Mi 7`+iBQMb- fRawStock- Q7 i?2 `r biQ+FX h?2 pQHmK2 Q7
N
`r biQ+F M22/2/ Bb,
VRawStock = VCellfRawStock UkXRRV
r?2`2 VCell Bb i?2 pQHmK2 BM i?2 +2HH i?i /2T2M/b QM i?2 +`Qbb@b2+iBQMH
`2 Q7 i?2 +2HH- ACell- M/ i?2 ?2B;?i iQ r?B+? QM2 }HHb i?2 bKTH2 hCellX
h?2`27Q`2- i?2 KQmMi Q7 `r biQ+F #2+QK2b,
VRawStock = ACellhCellfRawStock UkXRkV
h?2 Kbb Q7 bBHB+ BM i?2 +2HH- mSilica- Bb i?2 pQHmK2 Q7 `r biQ+F- VRawStock-
KmHiBTHB2/ #v i?2 /2MbBiv Q7 bBHB+ BM i?i biQ+F- ρSilicaRawStock,
mSilica = VRawStockρSilicaRawStock = ACellhCellfRawStockρSilicaRawStock
UkXRjV
h?2 pQHmK2 Q7 bBHB+- VSilica- Bb i?2 Kbb Q7 bBHB+- mSilica- /BpB/2/ #v i?2
/2MbBiv Q7 bBHB+ Bib2H7- ρSilica4k ;f+K3c
VSilica =
mSilica
ρSilica
=
ACellhCellfRawStockρSilicaRawStock
ρSilica
UkXR9V
h?2 pQHmK2 Q7 i?2 +`vbiH- VCrystal- /2T2M/b QM i?2 pQHmK2 Q7 bBHB+- VSilica-
M/ i?2 pQHmK2 7`+iBQM Q7 i?2 +`vbiH- ΦCrystal,
VCrystal =
VSilica
ΦCrystal
=
ACellhCellfRawStockρSilicaRawStock
ρSilicaΦCrystal
UkXR8V
h?2 pQHmK2 Q7 i?2 +`vbiH- VCrystal- Bb i?2 +`Qbb@b2+iBQMH `2 Q7 i?2 +`vbiH-
ACell- KmHiBTHB2/ #v i?2 ?2B;?i Q7 i?2 +`vbiH- hCrystalc ?2M+2 i?2 ?2B;?i rBHH
Ry
MQi /2T2M/ QM i?2 +`Qbb@b2+iBQMH b?T2 Q7 i?2 +2HH,
hCrystal =
hCellfRawStockρSilicaRawStock
ρSilicaΦCrystal
UkXReV
6Q` Mv ;Bp2M fRawStock M/ ΦCrystal- r2 M22/ iQ }HH i?2 +2HH iQ i?2 ?2B;?i
hCell BM Q`/2` iQ Q#iBM  bT2+B}+ +`vbiH ?2B;?i- hCrystal,
hCrystal =
hCellfRawStock50mg/cm3
ΦCrystal2 g/cm3
= 0.025
hCellfRawStock
ΦCrystal
UkXRdV
kXkXj ai`m+im`2- Q`B2MiiBQM- M/ /272+ib
q?2M +QHHQB/H T`iB+H2b b2iiH2/ QMiQ  ~i ;Hbb bHB/2- +HQb2@T+F2/ ?2t;QMH
+`vbiHb 7Q`K rBi? KMv ;`BM #QmM/`B2b- bi+FBM; 7mHib M/ TQBMi /272+ibX
h?2 +`vbiHb `2 `M/QK ?2t;QMH +HQb2@T+F2/ U_>*SV r?2`2 i?2 Hv2`b
Q++m` BM  `M/QK Q`/2` BM TQbBiBQMb "**"*" Q7  ?2t;QMH +HQb2@
T+F2/ Hv2` Ub22 6B;m`2 kXkV- `i?2` i?M T2`72+i ?2t;QMH +HQb2@T+F2/
U>*SV rBi? Q`/2` """- Q` 7+2@+2Mi2`2/ +m#B+ U6**V rBi? Q`/2` "@
*"*X  Hv2` BM  _>*S +`vbiH ;`QrM QM  ~i ;Hbb bHB/2 Bb b?QrM BM
6B;m`2 kXj M/ kX9X 6B;m`2 kXj 7Q+mb2b QM TQBMi /272+ib r?2`2 i?2 v2HHQr
``Qrb BM/B+i2 p+M+B2b- i?2 #Hm2 ``Qrb BM/B+i2 bTHBi BMi2`bBiBHb M/ `2/
``Qrb BM/B+i2 bm#biBimiBQMH BKTm`BiB2bX 6B;m`2 kX9 7Q+mb2b QM i?2 HBM2 /2@
72+ib rBi? irQ /BbHQ+iBQMb BM/B+i2/ BM `2/ M/ M mM`2Ht2/ ;`BM #QmM/`v
BM/B+i2/ BM ;`22MX h?2 v2HHQr i`BM;H2b BM/B+i2 i?i i?`22 +`vbiHb rBi? i?2
bK2 Q`B2MiiBQM +QK2 iQ;2i?2`- r?B+? Bb  rv iQ i2HH i?i i?2 /272+i BM
#2ir22M Bb  /BbHQ+iBQM Q` bi+FBM; 7mHi- MQi  ;`BM #QmM/`vX
RR
6B;m`2 kXR,  T?b2 /B;`K 7Q` ?`/ bT?2`2 +QHHQB/H +`vbiHbX b i?2 pQHmK2 7`+@
iBQM- φ- BM+`2b2b i?2 +QHHQB/ bQHmiBQM ;Q2b 7`QK  ~mB/ T?b2 iQ ~mB/@+`vbiH +Q2tBbi2M+2
i φ4yX9N9 M/ iQ  +`vbiHHBM2 T?b2 i φ4yX898X A7 i?2 +QHHQB/b `2 +QKT`2bb2/ iQ@
;2i?2` [mB+FHv U#v +2Mi`B7m;iBQMV rBi? i?2 `B;?i #QmM/`v +QM/BiBQMb BM  i2KTHi2- M
KQ`T?Qmb bi`m+im`2 +M #2 Q#iBM2/ #Qp2 φ4yX83X h?2 KQbi +HQb2@T+F2/ KQ`T?Qmb
bi`m+im`2 ?b  φ4yXe9X
6B;m`2 kXk, *`vbiH BM/B+iBM; TQbBiBQM 7Q` M  U#H+FV-  " U`2/V- M/  * U#Hm2V
Hv2`X
Rk
6B;m`2 kXj,  Hv2` BM  `M/QK ?2t;QMH +HQb2@T+F2/ +`vbiH ;`QrM QM  ~i ;Hbb
bHB/2 b?QrBM; i?2 TQBMi /272+ibX h?2 v2HHQr ``Qrb BM/B+i2 p+M+B2b- i?2 #Hm2 ``Qrb
BM/B+i2 bTHBi BMi2`bBiBHb M/ `2/ ``Qrb BM/B+i2 bm#biBimiBQMH BKTm`BiB2bX
Rj
6B;m`2 kX9, aK2 +`vbiH b BM 6B;m`2 kXj rBi? HBM2 /272+ibX hrQ /BbHQ+iBQMb `2 BM@
/B+i2/ BM `2/ M/ M mM`2Ht2/ ;`BM #QmM/`v BM ;`22MX h?2 v2HHQr i`BM;H2b `2p2H
i?i i?`22 +`vbiHb rBi? i?2 bK2 Q`B2MiiBQM +QK2 iQ;2i?2`- BM/B+iBM; 2Bi?2`  /BbHQ+@
iBQM Q`  bi+FBM; 7mHiX
R9
kXkX9 h?2 BKTQ`iM+2 Q7  i2KTHi2
A7  bT2+B}+ bi`m+im`2 Q` Q`B2MiiBQM Bb /2bB`2/- i?2 ;Hbb bHB/2 M22/b iQ +QMiBM
 i2KTHi2-  Tii2`M Q7 ?QH2b- iQ /B`2+i i?2 +QHHQB/b #v KFBM; i?2K 2+?
b2iiH2 BMiQ QM2 ?QH2X PM+2 i?2 }`bi Hv2` ?b #22M ``M;2/- i?2 Hv2`b #Qp2
7QHHQrX h2KTHi2b rQ`F p2`v r2HH 7Q` &Ryy' M/ &RRy' 6** bi`m+im`2b- BM
r?B+? i?2`2 Bb QMHv QM2 rv 2+? Hv2` +M #2 ``M;2/X >Qr2p2`- B7  &RRR'
Q`B2MiiBQM Bb Tii2`M2/-  _>*S rBHH ;`Qr `i?2` i?M  >*S Q` 6**X
h?Bb Bb /m2 iQ i?2 irQ TQbBiBQMb i?2 M2ti Hv2` +M +?Qb2X Ai +QmH/ biBHH #2
rQ`i?r?BH2 iQ KF2  i2KTHi2 2p2M BM i?Bb +b2 B7  H2bb /272+iBp2 Q` bi`BM2/
+`vbiH BM i?2 &RRR' Q`B2MiiBQM Bb /2bB`2/X h?2 B/2H HiiB+2 bT+BM; 7Q` 
/2bB`2/ i?B+FM2bb Q7 i?2 +`vbiH +M #2 7QmM/ 7`QK i?2 2[miBQM Q7 bii2 (Rd)X
A7  T`iB+mH` iBHi ;`BM #QmM/`v Bb /2bB`2/- Bi +M #2 Tii2`M2/ BMiQ i?2
i2KTHi2 (8)X KQ`T?Qmb bi`m+im`2b- M/ M BMi2`7+2 #2ir22M M KQ`T?Qmb
T?b2 M/  +`vbiH +M #2 7Q`K2/ QM TT`QT`Bi2 i2KTHi2b b r2HHX 6BMHHv-
/BbHQ+iBQMb +M #2 BMi`Q/m+2/ #v 2Bi?2` b KBb}i /BbHQ+iBQMb #v BM+`2bBM;
Q` /2+`2bBM; i?2 HiiB+2 bT+BM; (9)- Q` #v BM/2MiiBQM Q7 i?2 +`vbiH (e)X Ua22
*?Ti2` 9 7Q` KQ`2 /2iBHbVX h?2 +`vbiHb `2 ;`QrM Qp2`MB;?i- Q` +2Mi`B7m;2/
BM  72r KBMmi2bX *2Mi`B7m;iBQM /2+`2b2b i?2 bKTH2 T`2T`iBQM iBK2 M/
H2p2b 72r2` /272+ib- #mi Bb QMHv B/2H 7Q` &Ryy' 6** +`vbiHb (Rd)X q?2M
KMm7+im`BM; i?2 i2KTHi2b Bi Bb HbQ BKTQ`iMi i?i i?2 ?QH2b `2 /22T
2MQm;? bQ i?i i?2 T`iB+H2b ?p2 bi#H2 TQbBiBQMbX h?Bb +`BiB+H /2Ti?- dc-
+Q``2bTQM/b iQ i?2 FBM2iB+ 2M2`;v 7`QK "`QrBMBM KQiBQM- Ukinetic = mv
2
b
2 -
#2BM; 2[mH iQ i?2 TQi2MiBH 2M2`;v- mgd- r?2`2 d Bb i?2 /2Ti? Q7 i?2 ?QH2,
dc =
v2b
2g
UkXR3V
R8
:Bp2M vb #Qp2- dc ∼ 100MKX Pm` ?QH2b ?p2 #22M K2bm`2/ iQ #2
`QmM/ ∼ 700MKX TT2M/Bt  ;Bp2b bi2T@#v@bi2T BMbi`m+iBQMb QM ?Qr iQ
KF2 i2KTHi2bX
kXj aKTH2 S`2T`iBQM
h?2 bKTH2 T`2T`iBQM Bb bi`B;?i7Q`r`/ QM+2 i?2 i2KTHi2b M/ i?2 +QH@
HQB/H bmbT2MbBQM ?p2 #22M Q#iBM2/X  bKHH +vHBM/2` Bb +mi 7`QK  THbiB+
+vHBM/`B+H TBT2ii2X "Qi? i?2 +vHBM/2` M/ i?2 i2KTHi2 `2 +H2M2/ rBi?
BbQT`QTMQH M/ /`B2/ rBi? B`X h?2 +vHBM/2` Bb ;Hm2/ QMiQ i?2 ;Hbb bHB/2
rBi? i?2 /2bB`2/ Tii2`2/ M/ +m`2/ mM/2` lo HB;?i 7Q` i H2bi QM2 ?Qm`X
h?2 ;Hm2 mb2/ ?2`2 Bb ǴLQ`HM/ QTiB+H /?2bBp2 3RǴX *m`BM; iBK2 /2T2M/b
QM i?2 KQmMi Q7 ;Hm2 mb2/X Ai Bb BKTQ`iMi i?i i?2 +2HH #2 +QKTH2i2Hv
b2H2/ iQ T`2p2Mi H2FbX h?2 +QHHQB/H bmbT2MbBQM- T`2T`2/ mbBM; i?2 `2+BT2
/2b+`B#2/ BM a2+iBQM kXRXR- Bb bQMB+i2/ M/ pQ`i2t2/X h?2 /2bB`2/ KQmMi
Q7 bmbT2MbBQM Bb TBT2ii2/ M/ /`QTT2/ /QrM BMiQ i?2 +2HHX h?2 bKTH2 Bb H27i
QM  ~i /`F bm`7+2 Qp2`MB;?i iQ +`vbiHHBx2X A7  &Ryy' Tii2`M Bb mb2/- 
+`vbiH +M #2 Q#iBM2/ 7bi2` #v +2Mi`B7m;BM; (Rd)X h?2 ?2B;?i Q7 i?2 +`vbiH
Bb /2i2`KBM2/ #v i?2 KQmMi Q7 `r biQ+F +QHHQB/b mb2/ fRawStock M/ i?2
?2B;?i iQ r?B+? i?2 +2HH Bb }HH2/- hCell- b /Bb+mbb2/ BM a2+iBQM kXkXkX
kX9 *QM7Q+H JB+`Qb+QT2
h?2 QTiB+H KB+`Qb+QT2 ?b #22M rB/2Hv mb2/ 7Q` +2Mim`B2bX >Qr2p2`- i ?B;?
K;MB}+iBQM- i?2 /2Ti? Q7 7Q+mb #2+QK2b HBKBiBM;X J`pBM JBMbFv BMp2Mi2/
 bQHmiBQM iQ i?Bb T`Q#H2K BM RN8d (k8)X JBMbFv TH+2/  TBM?QH2 BM 7`QMi Q7
i?2 /2i2+iQ` i?i #HQ+Fb HH HB;?i Qi?2` i?M i?i 7`QK i?2 TQBMi +QM7Q+H rBi?
Re
i?2 TBM?QH2X h?i TQBMi Bb b+MM2/ BM i?2 bKTH2 #v irQ `QiiBM; KB``Q`b
Ut-vV M/  i`MbHiBQM Q7 i?2 bKTH2 BM i?2 x@/B`2+iBQM UHQM; i?2 QTiB+ tBbVX
h?2 +QKTmi2` +QMbi`m+ib i?2 BK;2 7`QK i?2 bB;MHb ;Bp2M #v i?2 /2i2+iQ`X
h?2 /i T`2b2Mi2/ BM i?Bb rQ`F rb HH iF2M QM  iM/2K G2B+ +QM7Q+H
KB+`Qb+QT2 rBi?  Ryyt Q#D2+iBp2 H2MbX
Rd
3
SQBMi .272+ib BM >`/@aT?2`2 *QHHQB/H
*`vbiHb
S2`72+i +`vbiHb `2 p2`v ?`/ iQ 7BM/X q?2M  +`vbiH 7Q`Kb-KmHiBTH2 /272+ib rQ`F i?2Kb2Hp2b BMiQ i?2 +`vbiHX .272+ib +M #2 /B@
pB/2/ BMiQ i?`22 +i2;Q`B2bc TQBMi- HBM2- M/ THM`X SQBMi /272+ib- BM+Hm/2
p+M+B2b- BMi2`biBiBHb- M/ bm#biBimiBQMH BKTm`BiB2bc HBM2 /272+ib `2 /BbHQ@
+iBQMb Q` /Bb+HBMiBQMbc M/ THM` /272+ib BM+Hm/2 bi+FBM; 7mHib M/ ;`BM
#QmM/`B2bX q?2M bm{+B2Mi iBK2 ?b Tbb2/- i?2b2 /272+ib b?QmH/ +QK2 iQ
R3
2[mBHB#`BmK rBi? 2+? Qi?2`X >Qr2p2`- ;Bp2M i?2 /m`iBQM Q7 Qm` 2tT2`B@
K2Mib- M/ i?2 KQ#BHBiv Q7 i?2 /272+ib- 2[mBHB#`BmK Bb MQi 2bi#HBb?2/X h?Bb
+?Ti2` rBHH 7Q+mb QM p+M+B2b M/ /Bp+M+B2b BM ?`/@bT?2`2 +QHHQB/H +`vb@
iHbX h?2`2 rBHH HbQ #2  #`B27 /Bb+mbbBQM Q7 BMi2`biBiBHbX
jXR AMi`Q/m+iBQM
jXRXR o+M+B2b
 p+M+v Bb M 2KTiv HiiB+2 bB;?i i?i rQmH/ #2 Q++mTB2/ rBi? M iQK BM
 T2`72+i +`vbiHX h?2 +QHHQB/H ?`/@bT?2`2 +`vbiHb ?p2 KMv p+M+B2b-
Dmbi HBF2 iQKB+ +`vbiHbX AM Q`/2` iQ mM/2`biM/ ?Qr KMv p+M+B2b iQ
2tT2+i- QM2 M22/b iQ im`M iQ i?2`KQ/vMKB+b, i?2 bii2 Q7 i?2`KQ/vMKB+
2[mBHB#`BmK i +QMbiMi T`2bbm`2 M/ i2KT2`im`2 Bb `2+?2/ r?2M i?2 :B##b
7`22 2M2`;v- G- Bb  KBMBKmKX
G = H − TS UjXRV
h?2`27Q`2- i?2 /2;`22 iQ r?B+? i?2 BM+`2b2 BM 2Mi`QTv- ∆S- +QKT2Mbi2b
i?2 BM+`2b2 BM 2Mi?HTv Q7 7Q`KBM; i?2 TQBMi /272+i- ∆H- /2i2`KBM2 i?2B`
+QM+2Mi`iBQMX
q?2M  p+M+v Bb 7Q`K2/- QM2 +M BK;BM2 `2KQpBM; M iQK 7`QK
i?2 #mHF M/ TH+BM; Bi i i?2 bm`7+2 Q7 i?2 +`vbiHX A7 i?2`2 `2 M p+M+B2b-
∆H Bb i?2 bmK Q7 2+? BM/BpB/mH 2Mi?HTv BM+`2b2b- ∆h (ke),
∆H = n∆h UjXkV
RN
6Q` ?`/@bT?2`2 +`vbiHb i?2 BMi2`MH 2M2`;v Bb x2`Q M/ ∆H QMHv /2T2M/b
QM i?2 T`2bbm`2- p- M/ i?2 pQHmK2 /Bz2`2M+2 +`2iBM;  p+M+v- ∆Vv- +HH2/
pQHmK2 Q7 7Q`KiBQM,
∆Vv = Vp +∆Vrelax UjXjV
r?2`2 Vp Bb i?2 +`vbiH pQHmK2 T2` T`iB+H2 M/ ∆Vrelax Bb i?2 KQmMi Q7
pQHmK2 +?M;2 BM i?2 bm``QmM/BM; +`vbiH /m2 iQ i?2 T`2b2M+2 Q7 i?2 2KTiv
bT+2 +`2i2/ #v `2KQpH Q7 i?2 T`iB+H2 (3)X Pm` 2Mi?HTv #2+QK2b,
∆H = n p∆Vv UjX9V
h?2 2Mi`QTv +?M;2- ∆S- iQ +QMbB/2` Bb #Qi? i?2 2Mi`QTv +?M;2 Q7
+QM};m`iBQM- ∆sc- M/ 2Mi`QTv +?M;2 Q7 pB#`iBQM- ∆sv T2` T`iB+H2X ∆sc
Bb /2i2`KBM2/ #v i?2 MmK#2` Q7 rvb L T`iB+H2b M/ M p+M+B2b +M #2
``M;2/ BMiQ L Y M HiiB+2 bBi2b (ke),
∆Sc = kBln(
(N + n)!
N !n!
) = kB[(N + n)ln(N + n)−Nln(N)− nln(n)] UjX8V
h?2`27Q`2- i?2 7`22 2M2`;v +?M;2 Q#iBM2/ #v BMi`Q/m+BM; M p+M+B2b BMiQ
 +`vbiH Bb,
∆G = n∆h− nT∆sv − kBT [(N + n)ln(N + n)−Nln(N)− nln(n)] UjXeV
h?2 2[mBHB#`BmK p+M+v +QM+2Mi`iBQM Bb Q#iBM2/ #v KBMBKBxBM; i?2 7`22
ky
2M2`;v rBi? `2bT2+i iQ i?2 MmK#2` Q7 p+M+B2b,
δ∆G
δn
= ∆h− T∆sv − kBT [ln(N + n) + N + nN + n − ln(n)−
n
n
]
= ∆h− T∆sv + kBT ln( n
N + n
) = 0
UjXdV
h?2`27Q`2- i?2 2[mBHB#`BmK 7`+iBQM Q7 p+M+B2b- xv,
xv =
n
N + n
= e
−∆h−T∆svkBT UjX3V
h?2 p+M+v 2[mBHB#`BmK +QM+2Mi`iBQM 7Q` /Bz2`2Mi HQr /2MbBiv ?`/@
bT?2`2 +`vbiHb +HQb2 iQ K2HiBM; TQBMi- Q#iBM2/ i?`Qm;? bBKmHiBQMb (3)- ?b
#22M 7QmM/ iQ #2 QM i?2 Q`/2` Q7 10−6−10−3X LmK2`B+H bim/B2b 7Q` TQHv/Bb@
T2`b2/ ?`/@bT?2`2 +QHHQB/H +`vbiHb ?p2 b?QrM p+M+v 2[mBHB#`BmK +QM@
+2Mi`iBQM QM i?2 Q`/2` Q7 10−4 7Q` jX8W TQHv/BbT2`bBiv (kd) M/ i?2Q`2iB+H
pHm2b 7Q` KQMQ/BbT2`b2/ +`vbiHb b?Qrb 10−7− 10−4 2[mBHB#`BmK +QM+2Mi`@
iBQM +HQb2 iQ 7`22xBM; TQBMi- r?2`2 i?2 p+M+v +QM+2Mi`iBQM BM+`2b2b rBi?
/2+`2bBM; /2MbBiv (k3)X
>Qr2p2`- Qm`b M/ Qi?2`b 2tT2`BK2MiH `2bmHib 7Q` ?`/@bT?2`2 +QHHQB/H
+`vbiHb `2 MQi i 2[mBHB#`BmK Ub22 Hi2` 7Q` FBM2iB+ DmbiB}+iBQMVX q2 rBHH
b?Qr i?i r2 ;2i 10−3- Qi?2`b ;2i 10−2 − 10−3 (Ry)X
A7  T`iB+H2 KQp2b BMiQ i?2 7`22 bT+2 Q7 i?2 p+M+v- i?2 p+M+v
KQp2b QM2 HiiB+2 bT+BM; iQ i?2 Q`B;BMH TQbBiBQM Q7 i?i T`iB+H2X h?Bb +M
Q++m` KmHiBTH2 iBK2b- b  `M/QK rHF i?`Qm;? i?2 +`vbiHX h?2 KQiBQM
HbQ `2[mB`2b i?i i?2 M2`2bi M2B;?#Q`b M2ti iQ i?2 T`iB+H2 KQp2 bHB;?iHv
iQ QT2M mT  Tbb;2X h?2 DmKT 7`2[m2M+v Q7 i?2 p+M+v- Γ- Bb `2Hi2/ iQ
i?2 :B##b 7`22 2M2`;v Q7 KQiBQM Ui?2 BM+`2b2 BM 7`22 2M2`;v Q7 i?2 +iBpi2/
kR
bii2V- ∆Gm = ∆Hm − T∆Sm = p∆Vm − T∆Sm- BM i?2 7QHHQrBM; rv,
Γ = ν × exp(∆Gm
kBT
) = ν × exp(p∆Vm − T∆Sm
kBT
) UjXNV
r?2`2 kB Bb i?2 "QHixKMM +QMbiMi M/ h Bb i?2 i2KT2`im`2X ∆Vm Bb i?2
+?M;2 BM pQHmK2 /m2 iQ 2tTMbBQM Q7 +?MM2HX ∆Sm Bb i?2 +?M;2 BM HQ+H
pB#`iBQMH 2Mi`QTvX ν Bb i?2 ii2KTi 7`2[m2M+v Q7 i?2 p+M+v iQ KQp2 M/
+M #2 `2Hi2/ iQ i?2 /BzmbBQM `i2- D- M/ i?2 DmKT /BbiM+2- λ- BM i?2
7QHHQrBM; rv (kN)X
ν =
6D
λ2
UjXRyV
.BzmbBpBiv- D- +M +M #2 2tT`2bb2/ BM i2`Kb Q7 pBb+QbBiv- η- "QHixKMM
+QMbiMi- kB- i2KT2`im`2- h- M/ i?2 `/Bmb- a- #v TTHvBM; aiQF2b@1BMbi2BM
2[miBQM r2 ;2i (kN),
D =
kBT
6piηa
UjXRRV
aBM+2 λ BM 1[miBQM jXRy Bb 2[mH iQ irQ T`iB+H2 `/BB- 2a- r2 +M }M/ i?2
7QHHQrBM; 2tT`2bbBQM 7Q` ν,
ν =
kBT
4piηa3
UjXRkV
aBM+2 kB = 1.38× 10−23 CfE- T = 300 E- η = 1.6× 10−3 SXb (Rd) M/
a = 1.55× 10−6/2 µK- ν ∼ 0.6 b2+−1.
kk
jXRXk .Bp+M+B2b
q?2M irQ p+M+B2b Q++m` M2ti iQ 2+? Qi?2` i /D+2Mi HiiB+2 bBi2b- i?2v
7Q`K  /Bp+M+vX AM  ?`/@bT?2`2 +`vbiH- i?2 Qp2`HH 7`22 2M2`;v #2+QK2b
bKHH2` r?2M irQ p+M+B2b bbQ+Bi2 2p2M i?Qm;? MQ #QM/b `2 T`2b2MiX
h?2 T`QtBKBiv Q7 i?2 irQ p+M+B2b +QmH/ HHQr 2ti` pQHmK2 `2HtiBQM-
∆Va- b r2HH b 2ti` bT+2 7Q` i?2 M2B;?#Q`b iQ bKTH2- i?2`2#v BM+`2bBM;
i?2 pB#`iBQMH 2Mi`QTv #v ∆SaX h?2 7`22 2M2`;v Q7 bbQ+BiBQM ∆Ga =
p∆Va − T∆Sa- `2Hi2b i?2 2[mBHB#`BmK +QM+2Mi`iBQM Q7 p+M+B2b- xv- M/
/Bp+M+B2b- xv2 (jy) (3),
xv2
x2v
= exp(−∆Ga
kBT
) = exp(
T∆Sa − p∆Va
kBT
) UjXRjV
h?2 2ti` 7`22/QK Q7 i?2 M2B;?#Q`b Q7  /Bp+M+v HbQ KF2b Bi 2bB2` 7Q` i?2
bbQ+Bi2/ p+M+B2b iQ DmKTX h?2 DmKT 7`2[m2M+v Q7 /Bp+M+B2b ?b #22M
7QmM/ BM +QKTmi2` bBKmHiBQMb iQ #2 H`;2` i?M 7Q` p+M+B2b BM ?`/@bT?2`2
+`vbiHb (3)X q2 HbQ rBHH +QM}`K i?Bb BM Qm` Km+? /2Mb2` bvbi2KX
jXRXj AMi2`bBiBHb
M BMi2`biBiBH Bb M iQK Q++mTvBM;  bT+2 BM  +`vbiH r?B+? Bb MQi  HiiB+2
bBi2X h?2b2 `2 Km+? H2bb +QKKQM i?M p+M+B2b /m2 iQ i?2B` H`;2 2Mi?HTv
Q7 7Q`KiBQMX A7 M iQK BMbB/2 i?2 +`vbiH KQp2b BMiQ TQbBiBQM i?i Bb MQi 
HiiB+2 bBi2- H2pBM;  p+M+v #2?BM/- i?2 p+M+v@BMi2`bBiBH TB` Bb +HH2/ 
6`2MF2H /272+iX h?2 BMi2`biBiBH `2 MQM@2[mBHB#`BmK /272+ib M/ rBHH mbmHHv
7HH #+F BMiQ i?2 p+M+v B7 FBM2iB+b HHQrb (jy) (ke)X
kj
jXk MHvxBM; .i
jXkXR S`iB+H2 HQ+iBM;
AM i?Bb +?Ti2` irQ b2ib Q7 /i `2 mb2/X 6B`bi-  _>*S +`vbiH Bb ;`QrM
QM  ~i bm`7+2- M/  bBM;H2 p+M+v Bb bHQrHv b+MM2/ BM i?2 +QM7Q+H
KB+`Qb+QT2X h?Bb ǴxQQK2/@BMǴ &RRR' /i@b2i Bb mb2/ iQ ;2i T`2+Bb2 K2@
bm`2K2Mib Q7 ?Qr i?2 p+M+vǶb M2`2bi M2B;?#Q`b `2Ht BMiQ i?2 7`22 QT2M
bT+2X a2+QM/-  H`;2 bKTH2 rBi? KMv p+M+B2b Bb `2+Q`/2/ Qp2` iBK2 iQ
H2`M #Qmi p+M+v biiBbiB+b M/ Q#b2`p2 TQbbB#H2 KQp2K2MibX h?Bb H`;2
bKTH2 Bb +2Mi`B7m;2/ i kkyy `TK QMiQ  &Ryy' Q`B2Mi2/ i2KTHi2- +`2i@
BM;  8y µK i?B+F 6** +`vbiH- M/ `272``2/ iQ b i?2 ǴxQQK2/@QmiǴ &Ryy'
/i@b2i (jR)X AM Q`/2` iQ T`Q+2bb i?2 }`bi b2i Q7 /i Ui?2 p+M+v Hv2` Bb
b?QrM BM 6B;m`2 jXRV i?2 7QHHQrBM; T`K2i2`b r2`2 mb2/ BM T`iB+H2 HQ+iBQM
7mM+iBQMb T`2b2Mi2/ BM TT2M/Bt "X
t v x
mKfTBt2H yXyj9 yXyj9 yXy9k
HMQBb2 k k k
HQ#D2+i jR jR R8
/BK2i2` j8 j8 RN
KbFbx kR kR RR
tvxKt 8Rk 8Rk k3R
b2T kR kR N
h#H2 jXR, S`K2i2`b mb2/ 7Q` T`iB+H2 HQ+iBQM BM i?2 ǴxQQK2/@BMǴ &RRR' /i@b2i
lbBM; i?2 j. KbF QT2`iBQM /2b+`B#2/ BM TT2M/Bt " iQ;2i?2` rBi?
i?2 T`K2i2`b BM h#H2 jXR- 6B;m`2 jXk rb Q#iBM2/ M/ i?2 +2Mi2`b Q7 i?2
T`iB+H2b r2`2 7QmM/X 6Q` T`2+BbBQM QM i?2 bm#@KB+`QK2i2` b+H2 Ub i?Bb b2i Q7
k9
6B;m`2 jXR,  `r 8Rk × 8Rk TBt2H ?B;?@`2bQHmiBQM +QM7Q+H BK;2 +miiBM; i?`Qm;?
i?2 KB//H2 Q7 i?2 p+M+v BM i?2 ǴxQQK2/@BMǴ &RRR' /i@b2iX
k8
6B;m`2 jXk,  j. KbF QT2`iBQM rb T`27Q`K2/ Ub /2b+`B#2/ b i?2 #Tbbj/J"
K2i?Q/ BM TT2M/Bt "V QM i?2 p+M+v Q7 BM 6B;m`2 jXR rBi? T`K2i2`b ;Bp2M BM h#H2
jXRX h?2 +QHQ`b `2T`2b2Mib i?2 BMi2MbBiv Q7 i?2 TBt2Hb BM i?2 TB+im`2 r?B+? ?p2 `#Bi``v
mMBib- b22 TT2M/Bt " 7Q` KQ`2 /2iBHbX h?2 KQ`2 BMi2Mb2 TBt2Hb `2 i?2 QM2b +HQb2` iQ
i?2 +2Mi2` Q7 i?2 p+M+v- K2MBM; i?i i?2 p+M+B2b M2`2bi M2B;?#Q`b bT2M/ KQ`2
iBK2 i`vBM; iQ T2M2i`i2 BMiQ i?2 7`22 bT+2 Q7 i?2 p+M+vX
ke
K2bm`2K2Mib `2[mB`2bV /BK2MbBQMH +HB#`iBQM Bb 2bb2MiBHX hQ i?Bb Tm`TQb2-
 i2KTHi2 rBi?  &Ryy' Tii2`M M/ FMQrM /BK2MbBQMb rb TH+2/ rBi? Bib
IRyy =/B`2+iBQM HBM2/ mT rBi? +QM7Q+HǶb t@tBb M/ Bib IyRy =/B`2+iBQM HBM2/
mT rBi? i?2 +QM7Q+HǶb v@tBbX h?`Qm;? i?Bb K2i?Q/  +Q``2+iBQM rBi? `2bT2+i
iQ i?2 MQKBMH KB+`Qb+QT2 b2iiBM;b Q7 YRW rb Q#iBM2/ BM t@/B`2+iBQM M/
@9W BM v@/B`2+iBQMX hQ +HB#`i2 x-  KQ`2 /pM+2/ K2i?Q/ rb mb2/ rBi?
i?2 i2KTHi2 +QKBM; BM i M M;H2 Qp2` i?2 +QM7Q+H H2Mb (jk) M/  @RyW
+Q``2+iBQM rb M22/2/X
AM i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2i i?2 T`iB+H2b r2`2 7QmM/ rBi? i?2
7mM+iBQM T`K2i2`b b?QrM BM h#H2 jXkX .m2 iQ i?2 bBx2 Q7 i?2 /i b2i- i?Bb
rb QMHv /QM2 7Q` QM2 [m`i2` Q7 i?2 bKTH2 ?2M+2 i?2 8Rk t 8Rk T`K2i2`b
7Q` tvxKt BMbi2/ Q7 i?2 r?QH2 b2i- Ryk9 t Ryk9X
t v x
mKfTBt2H yXR8R8 yXR8R8 yXRjyy
HMQBb2 R R R
HQ#D2+i N N Rk
/BK2i2` N N Rk
KbFbx e e 3
tvxKt 8Rk 8Rk 9d8
b2T j j 9
h#H2 jXk, S`K2i2`b mb2/ 7Q` T`iB+H2 HQ+iBQM BM i?2 ǴxQQK2/@QmiǴ&Ryy' /i@b2i
b #27Q`2- i?2 Q#iBM2/ pHm2b M22/ iQ #2 +Q``2+i2/X h?Bb Bb /QM2
/Bz2`2MiHv BM i?Bb /i b2i iQ #Qp2 bBM+2 r2 ?p2  FMQrM HiiB+2 bT+BM; BM
i?2 i2KTHi2X h?2 i2KTHi2 ?b irQ `2T2i /BbiM+2b- xtemplate M/ ytemplate-
#Qi? 2[mH iQ RXej µK- BM irQ Q`i?Q;QMH /B`2+iBQMbX lM7Q`imMi2Hv- i?2 irQ
/B`2+iBQMb `2 MQi HBM2/ mT 2t+iHv rBi? i?2 t M/ v tBb b BM i?2 T`2pBQmb
+HB#`iBQMX HbQ- i?2 i2KTHi2 Bb MQi +QKTH2i2Hv H2p2Hc Bi ?b  bHB;?i iBHiX
kd
h?2`27Q`2- 2+? M2`2bi M2B;?#Q` p2+iQ` ?b M t@- v@- M/ x@+QKTQM2Mi BM
i?2 +QM7Q+H 7`K2rQ`FX G2iǶb +HH i?2b2 +QKTQM2MibǶ K;MBim/2b ax- ay-
M/ az 7Q` QM2 /B`2+iBQM rBi? i?2 iQiH K;MBim/2 Q7 xtemplate M/ bx- by-
M/ bz BM i?2 T2`T2M/B+mH` /B`2+iBQM rBi? iQiH K;MBim/2 ytemplateX h?2
7QHHQrBM; 2[miBQMb +M i?mb #2 Q#iBM2/,
(ax× δx)2 + (ay × δy)2 + (az × δz)2 = x2template UjXR9V
(bx× δx)2 + (by × δy)2 + (bz × δz)2 = y2template UjXR8V
r?2`2 δx- δy- M/ δz `2 i?2 TBt2HfµK +QMp2`bBQM 7+iQ`bX h?2b2 i?`22
p`B#H2b `2 mMFMQrMX >Qr2p2`- r2 QMHv ?p2 irQ 2[miBQMb M/ M22/ 
i?B`/ QM2X hQ Q#iBM i?2 +`vbiH bT+BM; BM x +HQb2 iQ i?2 i2KTHi2- +HH Bi
ztemplate- r2 M22/ iQ mb2 i?2 2[miBQM Q7 bii2 M/ ;2QK2i`vX i  +`vbiH
/2Ti? Q7 8y µK- i?2 mMbi`BM2/ HiiB+2 T`K2i2` Bb RX8e µK (Rd)X AK;BM2 
mMBi +2HH rBi? H2M;i?b t- v- M/ xX h?2 #Q/v /B;QMH- DBody- r?B+? Bb irB+2
i?2 M2`2bi M2B;?#Q` /BbiM+2 RX8e µK- +M #2 2tT`2bb2/ bX
D2Body = x
2 + y2 + z2 UjXReV
aQHpBM; 7Q` x ;Bp2b i?2 7QHHQrBM;,
z =
√
D2Body − x2 − y2 UjXRdV
6Q` M mMbi`BM2/ +b2- /BbiM+2b BM t M/ v rBHH #Qi? #2 / 4 RX8e µK,
z =
√
D2Body − x2 − y2 =
√
(2d)2 − 2d2 =√2d =√2 ∗ 1.56 = 2.21µK UjXR3V
>Qr2p2`- #Qi? t M/ v `2 bi`BM2/ /m2 iQ i?2 i2KTHi2 bT+BM;X q2 FMQr
k3
i?i i?2 bi`BM BM x- εz- 7Q` M BbQi`QTB+ bvbi2K Bb `2Hi2/ iQ i?2 bi`BM BM t-
εx- M/ v- εy - #v SQBbbQMǶb `iBQ- νX
εz + εxν + εyν = 0 UjXRNV
AM Qm` +b2-
εx,y =
1.63− 1.56
1.56
= 4.5% UjXkyV
q2 iF2 7`QK /2MbBiv 7mM+iBQMH +H+mHiBQMb (jj) SQBbbQMǶb `iBQ iQ #2 yXjdX
εz = −2εx,yν = −2× 0.045× 0.37 = −3.3% UjXkRV
q2 +M bQHp2 7Q` ztemplate,
ztemplate = z(1 + εz) = 2.21× (1− 0.033) = 2.14µK UjXkkV
 i?B`/ 2[miBQM +M MQr #2 Q#iBM2/ bBKBH`Hv iQ 2[miBQM jXR9 M/ jXR8X
(cx× δx)2 + (cy × δy)2 + (cz × δz)2 = z2template UjXkjV
*H+mHiBM; HH M2`2bi M2B;?#Q` /BbiM+2b BM i?2 i2KTHi2 THM2 M/ i?2
/BbiM+2b T2`T2M/B+mH` M/ +HQb2 iQ i?2 i2KTHi2- p2`;2b r2`2 K/2 iQ
}M/ t- v- x- #t- #v- #x- +t- +v- +x M/ bQHp2 7Q` δx- δy- δz,
δx = 0.1538µKfTBt2H UjXk9V
δy = 0.1553µKfTBt2H UjXk8V
δz = 0.1099µKfTBt2H UjXkeV
kN
jXkXk J2i?Q/ iQ HQ+i2 p+M+B2b
aBM+2 i?2 KBM BMi2`2bi rBi? i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2i rb iQ }M/ i?2
+2Mi2` Q7 KMv p+M+B2b b iBK2@2{+B2MiHv M/ ++m`i2Hv b TQbbB#H2-  72r
K2i?Q/b r2`2 i`B2/X h?2 ?QT2 rb iQ B/2MiB7v p+M+B2b #v }M/BM; bB;MB}+Mi
BM+`2b2b BM oQ`QMQB pQHmK2 7Q` T`iB+H2b +HQb2 iQ p+M+B2b- /2+`2b2b Q7
+QQ`/BMiBQM MmK#2` Q7 T`iB+H2b +HQb2 iQ p+M+B2b- Q` /Bz2`2M+2b BM M2`2bi
M2B;?#Q` Q`B2MiiBQM Q7 T`iB+H2b +HQb2 iQ p+M+B2b +QKT`2/ iQ i?2 p2`;2
T`iB+H2X >Qr2p2`- i?2 KQbi 2{+B2Mi rv v2i ?b #22M iQ BMp2`i i?2 BK;2b
#27Q`2 `mMMBM; i?2 j. KbF K2i?Q/X Uh?Bb Bb 2[mBpH2Mi iQ MQi mb2 i?2 suw
4 k88@suw bi2T /2b+`B#2/ BM TT2M/Bt "VX .Bz2`2Mi T`K2i2`b 7`QK i?Qb2
}M/BM; T`iB+H2b Uh#H2 jXkV `2 HbQ M22/2/X h?Bb Bb /m2 iQ i?2 bT+BM;
#2ir22M p+M+B2b #2BM; Km+? ;`2i2` i?M 7Q` T`iB+H2bX h?2 T`K2i2`b
mb2/ `2 T`2b2Mi2/ BM h#H2 jXjX
t v x
µKfTBt2H yXR8R8 yXR8R8 yXRjyy
HMQBb2 j j j
HQ#D2+i N N Rk
/BK2i2` RN RN k8
KbFbx Rk Rk Re
tvxKt Ryk9 Ryk9 9d8
b2T d d N
h#H2 jXj, S`K2i2`b mb2/ 7Q` p+M+v HQ+iBQM BM i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2i
6B;m`2 jXj +QKT`2b i?2 bK2 Hv2` BM i?2 +`vbiH rBi? i?2 irQ /Bz2`@
2Mi j. KbF K2i?Q/bX h?2 mTT2` H27i BK;2 b?Qrb i?2 j. KbF mb2/ iQ }M/
T`iB+H2 +2Mi2`bX h?2 mTT2` `B;?i BK;2 mb2b i?2 j. KbF T`K2i2`b /2@
b+`B#2/ BM h#H2 jXj iQ }M/ p+M+B2bX h?2 +QHQ` b+H2 QM i?2 `B;?i `2T`2b2Mib
jy
6B;m`2 jXj, j. KbF TTHB2/ iQ  &Ryy' i2KTHi2/ +`vbiH iQ }M/ T`iB+H2 M/ p@
+M+v +2Mi2`bX h?2 +QHQ` b+H2 QM i?2 `B;?i `2T`2b2Mib i?2 BMi2MbBiv Q7 i?2 TBt2Hb BM i?2
TB+im`2- r?B+? ?p2 `#Bi``v mMBib- b22 TT2M/Bt " 7Q` KQ`2 /2iBHbX h?2 mTT2` H27i BK@
;2 Bb mb2/ iQ HQ+i2 T`iB+H2bX h?2 mTT2` `B;?i BK;2 b?Qrb i?2 j. KbF T2`7Q`K2/ QM
i?2 bK2 TB+im`2 #mi BMp2`i2/ iQ HQ+i2 p+M+B2bX h?2 HQr2` H27i BK;2 mb2b  i?`2b?QH/
Q7 jeW Q7 KtBKmK TBt2H BMi2MbBiv iQ 2HBKBMi2 MQBb2X 6BMHHv- i?2 HQr2` `B;?i BK;2 BH@
Hmbi`i2b ?Qr iQ }M/ i?2 +2Mi2` Q7 i?2 p+M+B2b #v +?QQbBM; i?2 `B;?i T`K2i2`b BM i?2
T`iB+H2 HQ+iBQM K2i?Q/ /2b+`B#2/ BM TT2M/Bt "X
jR
i?2 BMi2MbBiv Q7 i?2 TBt2Hb BM i?2 TB+im`2X
aBM+2 i?Bb j. KbF biBHH H2p2b bQK2 `2 Q7 mM/2i2`KBM2/ bT+2 i?i
Bb M2Bi?2` bBM;H2 p+M+v MQ` /Bp+M+v-  i?`2b?QH/ rb TTHB2/ iQ 2HBKBMi2
MQBb2X 1tKTH2b Q7 MQBb2 +QmH/ #2 ;`BM #QmM/`B2b rBi? 2ti` bT+2- 
bi+FBM; 7mHi r?2`2 i?2 T`iB+H2b `2 Qmi Q7 THM2- Q`  H`;2 /BbiQ`iBQMb
i?i BM+`2b2b i?2 pQHmK2X h?2 i?`2b?QH/ rb b2i i jeW Q7 KtBKmK TBt2H
BMi2MbBiv BM 2+? BK;2X h?2 `2bmHi Bb b?QrM BM i?2 HQr2` H27i BK;2b Q7
6B;m`2 jXjX 6BMHHv- i?2 +2Mi2`b Q#iBM2/ 7`QK i?2 T`iB+H2 HQ+iBQM K2i?Q/
/2b+`B#2/ BM TT2M/Bt "- `2 b?QrM BM i?2 HQr2` `B;?i BK;2 Q7 6B;m`2 jXjX
jXkXj L2`2bi M2B;?#Q`b
6Q` i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2i- MQi 2p2`v 72im`2 /2i2+i2/ #v i?2
K2i?Q/ #Qp2 Bb  bBM;H2 p+M+vX JMv p+M+B2b `2 +HQb2 iQ  bi+FBM;
7mHi Q` Qi?2` /272+ibX aQK2 `2 HbQ /Bp+M+B2bX h?2`27Q`2- 2+? /2i2+i2/
p+M+v rb 2pHmi2/ #v +HQb2 Q#b2`piBQM Q7 Bib M2`2bi M2B;?#Q`b- 7i2`
r?B+? RRR8 ǴT2`72+iǴ bBM;H2 p+M+B2b r2`2 `2iBM2/ 7Q` 7m`i?2` BMp2biB;iBQMX
6m`i?2`KQ`2- 7Q`  7Qm`i? Q7 i?2 bKTH2- i?2 M2`2bi M2B;?#Q`b 7Q` 2+?
T`iB+H2 M/ bBM;H2 p+M+v r2`2 7QmM/X A7  T`iB+H2 Q` p+M+v ?/ Rk
M2`2bi M2B;?#Q`b rBi?BM 3y@RkyW Q7 i?2 i2KTHi2Ƕb HiiB+2 bT+BM;- Bi rb
+QMbB/2`2/ M 6** T`iB+H2 Q`  bBM;H2 p+M+vX h?Bb `M;2 rb +?Qb2M iQ
BM+Hm/2- rBi? bQK2 K`;BM- i?2 rB/i? Q7 i?2 }`bi T2F BM i?2 TB` /Bbi`B#miBQM
7mM+iBQM b?QrM BM 6B;m`2 jX9X h?Bb T`Q+2/m`2 B/2MiB}2b #Qmi kky bBM;H2
p+M+B2b M/ deyyy T`iB+H2b 7Q` Mv ;Bp2M iBK2 bi2T BM i?i bT2+B}+ 7Qm`i?
Q7 i?2 bKTH2X 6B;m`2 jX8 b?Qrb i?2 /Bbi`B#miBQM Q7 T`iB+H2b- 2p2MHv /BpB/BM;
i?2 ?2B;?i Q7 i?2 +`vbiH BMiQ [m`i2`bX
jk
6B;m`2 jX9, SB` /Bbi`B#miBQM Q7 i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2i 7i2` mbBM; i?2 T`@
iB+H2 HQ+iBM; T`K2i2`b /2b+`B#2/ BM h#H2 jXk M/ i?2 +QM7Q+H +Q``2+iBQM BM 2[miBQMb
jXk9- jXk8- M/ jXkeX h?2 MmK#2`b #Qp2 i?2 T2F BM/B+i2/ i?2 T2F HQ+iBQM 7Q`  T2`@
72+i 6** +`vbiH rBi? HiiB+2 T`K2i2` RX8e µK- /BbiM+2 iF2M 7`QK 2[miBQM Q7 bii2X
h?2 ?2B;?i Q7 i?2 /b?2/ HBM2b BM/B+i2/ i?2 T`2/B+i2/ ?2B;?i #b2/ QM i?2 ?2B;?i Q7 i?2
}`bi T2FX
jj
6B;m`2 jX8, >BbiQ;`K b?QrBM; i?2 MmK#2` Q7 T`iB+H2b rBi? Rk M2`2bi M2B;?#Q`b BM
i?2 7Qm` [m`i2`b i?i /BpB/2 mT x 2p2MHv 7Q` QM2 iBK2 bi2T Q7 i?2 ǴxQQK2/@QmiǴ &Ryy'
/i@b2iX Zm`i2` R Bb M2ti iQ i?2 i2KTHi2X
j9
jXkX9 oQ`QMQB oQHmK2
h?2 oQ`QMQB +2HH Bb i?2 T`i Q7 bT+2 +HQb2` iQ i?2 +2Mi2` Q7  T`iB+H2 i?M
iQ i?2 +2Mi2` Q7 Mv Qi?2`X Aib pQHmK2 Bb  K2bm`2 Q7 i?2 HQ+H pQHmK2 T2`
T`iB+H2X h?2 p2`;2 oQ`QMQB pQHmK2 Bb i?2 p2`;2 pQHmK2 T2` T`iB+H2X
h?2 oQ`QMQB +2HH 7Q`  T2`72+i 6** T`iB+H2 Bb  `?QK#B+ /Q/2+?2/`QM- b
b?QrM BM 6B;m`2 jXe- rBi? k9 2/;2b M/ R9 p2`iB+2bX
JhG" ?b KMv 7mM+iBQMb i?i +M #2 mb2/ iQ Q#iBM i?2 pQHmK2
M/ b?T2 Q7 i?2 oQ`QMQB +2HHX URV 6Q` H`;2 /i@b2ib r?2`2 QMHv i?2 oQ`QMQB
pQHmK2 Q7 2+? T`iB+H2 Bb /2bB`2/- pQ`MnpQHbXK +M #2 mb2/c UkV A7 #Qi? i?2
b?T2 M/ i?2 pQHmK2 `2 /2bB`2/- pQ`QMQBMXK M/ +QMp?mHHMXK `2 mb2/
iQ Q#iBM i?2 p2`iB+2b Q7 i?2 oQ`QMQB +2HH 7Q` 2+? T`iB+H2 b r2HH b i?2
pQHmK2 +QMiBM2/ rBi?BM i?Qb2 p2`iB+2bX AM Q`/2` iQ THQi i?2 oQ`QMQB b?T2
oQ`QMQBa?T2XK rb r`Bii2M iQ /2i2`KBM2 r?B+? p2`iB+2b #2HQM; iQ r?B+?
7+2b M/ 2/;2bX PM2 +M HbQ +H+mHi2 i?2 p2`;2 T`iB+H2 pQHmK2 #v
?M/ mbBM; i?2 `r BK;2 #v +QmMiBM; i?2 MmK#2` Q7 T`iB+H2b BM  #Qt Q7
K2bm`2/ pQHmK2X 6B;m`2 jXd b?Qrb ?Qr  T`HH2HQ;`K +M #2 }ii2/ QM iQ
i?2 ǴxQQK2/@BMǴ &RRR' +`vbiH Hv2`bX 1+? Hv2` ?b je T`iB+H2b 2M+HQb2/
rBi?BM i?2 /`rM `2 ?Qr2p2` i?2 iQT M/ #QiiQK Hv2`b QMHv +QMiBM ?H7
i?i KQmMi bBM+2 i?2 #Qt rBHH +mi i?2b2 Hv2`bǶ T`iB+H2b BM ?H7X h?2`27Q`2-
i?2 iQiH MmK#2` Q7 T`iB+H2b- Nparticles(111) BM i?2 #Qt Bb 36× 3 = 108X h?2
pQHmK2 Q7 i?2 #Qt- VBox(111)- rb +H+mHi2/ #v }M/BM; i?2 +2Mi2` Q7 i?2
T`iB+H2b i 2+? p2`i2t- +H+mHiBM; i?2 p2+iQ`b Q7 i?2 bB/2b Q7 i?2 #Qt2b-
M/ iFBM; M p2`;2 BM 2+? /B`2+iBQMX h?2 M;H2 #2ir22M i?2 p2+iQ`b
rb HbQ +H+mHi2/ M/ VBox(111)- rb 7QmM/ iQ #2 jkeX8 µK3X h?2 p2`;2
j8
6B;m`2 jXe, oQ`QMQB +2HH bm``QmM/BM;  T`iB+H2 BM M T2`72+i 6** bi`m+im`2X Ai ?b
Rk 7+2b- k9 2/;2b- M/ R9 p2`iB+2bX
je
6B;m`2 jXd,  #Qt rBi? FMQrM pQHmK2 /`rM QMiQ i?2 7Qm` Hv2`b BM i?2 ǴxQQK2/@
BMǴ &RRR' +`vbiHX h?2 MmK#2` Q7 T`iB+H2b BM i?2 #Qt Bb Ry3X
jd
T`iB+H2 pQHmK2 BM i?2 ǴxQQK2/@BMǴ &RRR' /i@b2i rb i?2`27Q`2 jXyk µK3X
h?2 bK2 K2i?Q/ rb mb2/ 7Q` i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2i iQ
Q#iBM  KQ`2 ++m`i2 p2`;2 T`iB+H2 pQHmK2 7Q` i?2 r?QH2 +`vbiHX 6B;@
m`2 jX3 b?Qrb i?2 iQT M/ #QiiQK Hv2`b Q7 i?2 #QtX URbi M/ 93i? Hv2`-
`2bT2+iBp2HvXV h?2`2 `2 KQ`2 /272+ib BM i?Bb /i M/ bi+FBM; 7mHib ?/
KQp2/ i?`Qm;? i?2 mTT2` Hv2`b Q7 i?2 #QtX NParticles(100) BM 2+? Hv2` Bb
ReN M/ VBox(100) Bb kRdk9 µm3 bQ i?i i?2 p2`;2 T`iB+H2 pQHmK2 ?2`2 Bb
kXd9 µK3X
h?2 T`iB+H2 pQHmK2 /Q2b p`v rBi? ?2B;?iX h?2 bK2 K2i?Q/ rb mb2/
iQ +H+mHi2 i?2 T`iB+H2 pQHmK2 BM i?2 }`bi U#QiiQKV N Hv2`b M/ i?2 `2bmHi
rb bHB;?iHv H`;2`- kX38 µK3X h?Bb /Bz2`2M+2 Bb /m2 iQ i?2 7+i i?i i?2 b2i
#QmM/`v +QM/BiBQM BM i?2 i2KTHi2 z2+ib i?2 }`bi 72r Hv2`b #v bi`BMBM;
i?2KX h?2`27Q`2- b KQ`2 bi+FBM; 7mHib `2 BMi`Q/m+2/- i?2 +`vbiH `2Ht2b
U+QMi`+ibV- M/ i?2 T`iB+H2 pQHmK2 /2+`2b2b BM pHm2X Ua22 *?Ti2` 9 7Q`
KQ`2 /2iBHb QM i?2 `2HiBQMb?BT #2ir22M bi+FBM; 7mHib M/ i?2 M2`2bi
M2B;?#Q` /BbiM+2XV q?2M 2[mH KQmMib Q7 bi+FBM; 7mHib `2 T`2b2Mi BM
i?2 Hv2`b- i?2 T`iB+H2 pQHmK2 BM+`2b2b rBi? ?2B;?i #2+mb2 Q7 i?2 bKHH2`
T`2bbm`2 ?2/X
jXj _2bmHib M/ .Bb+mbbBQM
jXjXR aBM;H2 o+M+B2b
jXjXRXR *QM+2Mi`iBQM Q7 p+M+B2b BM Qm` bKTH2b
h?2 MmK#2` Q7 HiiB+2 bBi2b T2` p+M+v rb +H+mHi2/ #v /BpB/BM; i?2 iQiH
pQHmK2- BM r?B+? i?2 RRR8 bBM;H2 p+M+B2b `2 +QMiBM2/ #v kXd9 µK3- i?2
p2`;2 T`iB+H2 pQHmK2 7Q` i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2iX h?Bb ;Bp2b
j3
j39e9y HiiB+2 bBi2b- Q` ∼ j98 HiiB+2 bBi2bfp+M+vX h?Bb Bb bBKBH` iQ i?2
`2bmHi Q7 G22 i HX (Ry) r?Q `2TQ`i2/ R@8 p+M+B2b T2` Ryyy T`iB+H2bX A7 r2
/BpB/2 i?2 ?2B;?i Q7 i?2 bKTH2 BMiQ 7Qm` [m`i2`b UrBi? i?2 bK2 MmK#2`
Q7 T`iB+H2b BM 2+?V- r2 Q#b2`p2 M mM2p2M /Bbi`B#miBQM Q7 i?2 bBM;H2 p+M@
+B2b rBi? `2bT2+i iQ ?2B;?i- b b?QrM BM 6B;m`2 jXNX h?2 +QM+2Mi`iBQM Q7
p+M+B2b p`B2b QMHv bHB;?iHv BM i?2 HQr2` i?`22 [m`i2`b- #mi Bb bB;MB}+MiHv
bKHH2` BM i?2 iQT [m`i2`X h?2 /2+`2b2 +M #2 2tTHBM2/ #v i?2 H`;2`
KQmMi Q7 iBK2 i?2 T`iB+H2b i i?2 iQT ?p2 ?/ iQ b2iiH2 M/ `2``M;2
rBi?Qmi  H`;2 T`2bbm`2 ?2/ 7`QK #Qp2X b r2 b?HH b22- i?2 KQ#BHBiv Q7
i?2 p+M+B2b bi`QM;Hv /2T2M/b QM i?2 HQ+H /2MbBivX Ai +QmH/ HbQ #2 /m2
iQ  H`;2` MmK#2` Q7 bi+FBM; 7mHib i?i ?p2 i`p2HH2/ i?`Qm;? i?2 iQT
pQHmK2 M/ HHQr2/ i?2 p+M+B2b iQ +HBK# Qmi r?2M M2ti iQ i?2B` #QmM/BM;
/BbHQ+iBQMX Ua22 a2+iBQM jXjXRXd 7Q` M 2tKTH2 Q7 i?BbXV LQi HH bi+FBM;
7mHib i i?2 iQT i`p2H /QrM iQr`/b i?2 i2KTHi2X PMHv B7 i?2 bi+FBM;
7mHiǶb KQp2K2Mi `2HB2p2b KBb}i bi`BM /Q2b i?2 bi+FBM; 7mHi i`p2H /QrM
BMiQ i?2 +`vbiHX h?2 }`bi 72r Hv2`b +QMiBM 72r2` bi+FBM; 7mHib #2+mb2
i?2 /BbHQ+iBQMb biv i M Qzb2i /BbiM+2 #Qp2 i?2 i2KTHi2 /m2 iQ i?2 x2`Q
/BbTH+2K2Mi #QmM/`v +QM/BiBQMb i i?2 i2KTHi2X Ua22 *?Ti2` 9 7Q` 
KQ`2 /2iBH2/ /2b+`BTiBQM Q7 bi+FBM; 7mHib- /BbHQ+iBQMb- M/ Qzb2iXV
jXjXRXk L2`2bi M2B;?#Q`b Q7 o+M+B2b
lbBM; i?2 ǴxQQK2/@BMǴ &RRR' /i@b2i- r2 }M/ i?i i?2 M2`2bi@M2B;?#Q`
b?2HH `QmM/ i?2 p+M+v Bb KQ`2 +QKT+i i?M i?2 M2`2bi@M2B;?#Q` b?2HH
`QmM/ i?2 p2`;2 T`iB+H2- b b?QrM BM 6B;m`2 jXRyX h?2 p2`;2 /BbiM+2
#2ir22M i?2 M2`2bi M2B;?#Q`b BM i?2 p+M+v +Hmbi2` Bb RX8y µK- r?BH2 i?i
jN
6B;m`2 jX3, "QiiQK Ui?2 }`bi Hv2` Q7 i?2 +`vbiHV M/ iQT Hv2`b Ui?2 93i? Hv2` Q7
i?2 +`vbiHV Q7 i?2 #Qt mb2/ iQ Q#iBM p2`;2 T`iB+H2 pQHmK2 BM i?2 bKTH2X AM #2ir22M
i?2`2 `2 9e Hv2`b rBi? +QHHQB/b MQi b?QrMX
6B;m`2 jXN, >BbiQ;`K b?QrBM; i?2 MmK#2` Q7 p+M+B2b BM 7Qm` [m`i2`b i?i /BpB/2
mT x 2p2MHvX Zm`i2` R Bb M2ti iQ i?2 i2KTHi2X
9y
6B;m`2 jXRy, hrQ pB2rb Q7  T`iB+H2Ƕb M2`2bi M2B;?#Q` b?2HH U;`22M rBi? `2/ +2Mi2`
T`iB+H2 BM i?2 +2Mi2`V M/ i?2 p+M+v M2`2bi M2B;?#Q` b?2HH U#Hm2V BM i?2 ǴxQQK2/@BMǴ
&RRR' /i@b2iX h?2 p+M+v b?2HH Bb MQiB+2#Hv bKHH2`X
9R
bK2 p2`;2 7Q` i?2 b?2HH `QmM/  T`iB+H2 Bb RXek µK-  dW /Bz2`2M+2X
h?2 p2`;2 /BbiM+2 Q7  T`iB+H2 BM i?2 b2+QM/ M2`2bi M2B;?#Q` b?2HH iQ i?2
+2Mi2` Q7 i?2 b?2HH Bb kXke µK 7Q` i?2 p+M+v M/ kXkN µK 7Q` i?2 T`iB+H2- 
RW /Bz2`2M+2X h?Bb /Bz2`2M+2 +M #2 2tTHBM2/ #v +QMiBMmmK K2+?MB+b (j9)X
h?2 /BbTH+2K2Mi p2+iQ` u¯ i /BbiM+2 ` 7`QK  bT?2`B+H p+M+v +2Mi2` iF2b
i?2 7Q`K U7`QK bT?2`B+H bvKK2i`vV,
u¯ =
cr¯
r3
= −c∇1
r
UjXkdV
r?2`2 + Bb  +QMbiMi i?i K2bm`2b i?2 /272+i bi`2M;i?X h?2 pQHmK2 bbQ@
+Bi2/ rBi? i?Bb /BbTH+2K2Mi Bb,
∆V =
∫
ud˙S = u4pir2 UjXk3V
aQ i?i,
u =
∆V
4pir2
UjXkNV
h?2`27Q`2- i?2 2HbiB+ /BbTH+2K2Mi /2+`2b2b rBi? BM+`2bBM; /BbiM+2X 6Q`
i?2 irQ b?2HHb r2 K2bm`2/- i?Bb ;Bp2b,
u1
u2
=
∆R1
∆R2
=
R22
R21
UjXjyV
aQ i?i,
∆R1 =
2.292
1.622
(2.29− 2.26)µm = 0.06µm UjXjRV
h?2 K2bm`2/ ∆R1 Bb yXRk µK- r?B+? Bb Km+? H`;2`- ?Qr2p2` i?2 ǴxQQK2/@
BMǴ &RRR' /i@b2i ;Bp2b R1 iQ #2 RX8y µK- r?B+? Bb bKHH2` i?M i?2 /BK2i2`
9k
Q7 i?2 T`iB+H2b- RX88 µK- bBKTHv MQi TQbbB#H2X USH2b2 b22 #2HQr 7Q` M 2t@
THMiBQMXV A7 r2 BMbi2/ +QMbB/2` RX88 µK b i?2 KBMBKmK M2`2bi M2B;?#Q`
/BbiM+2 i?2M ∆R1 Bb yXyd µK- r?B+? Bb r2HH rBi?BM Qm` mM+2`iBMivX 6B;m`2
jXRk b?Qrb i?2 ?Q`BxQMiH Hv2` +miiBM; i?`Qm;? i?2 p+M+v- HbQ BM/B+iBM;
i?2 `2HiBp2 +QMi`+iBQM Q7 i?2 }`bi M2`2bi M2B;?#Q`bX
q2 +M +QM}`K i?2 +QMi`+iBQM iQr`/b i?2 +2Mi2` Q7 i?2 p+M+v
pBbmHHv #v THQiiBM; i?2 HQ+iBQMb Q7 T`iB+H2b BM i?2 p+M+v Hv2` U;`22M BM
6B;m`2 jXRRV M/ +QKT`2 i?2K iQ HQ+iBQMb BM  i?2Q`2iB+H +`vbiH Hv2`
U#Hm2V +2Mi2`2/ i i?2 p+M+v U`2/VX >2`2 Bi #2+QK2b +H2` i?i i?2 }`bi
M2`2bi M2B;?#Q`b ?p2 KQp2/ BMiQ i?2 QT2M bT+2 Ub T`2pBQmbHv MQi2/V- #mi
r2 +M HbQ b22 i?i i?2 i?B`/ M/ 7Qm`i? M2`2bi M2B;?#Q`b HbQ HQ+iBM;
i?2Kb2Hp2b bHB;?iHv +HQb2` iQ i?2 +2Mi2` Q7 i?2 p+M+vX
hQ BMp2biB;i2 7m`i?2`- irQ +m#Q+i?2/`- 7Q`K2/ #v i?2 +2Mi2`b Q7 i?2
M2`2bi M2B;?#Q`b bm``QmM/BM;  T`iB+H2 M/  p+M+v r2`2 +QMbi`m+i2/-
b b?QrM BM 6B;m`2 jXRjX h?2 pQHmK2 Q7 i?2 p+M+v +m#Q+i?2/`QM Bb dX3e
µK3 r?BH2 i?i 7Q` i?2 T`iB+H2 Bb NXk9 µK3X h?2`27Q`2- i?2 +QMi`+iBQM BM
pQHmK2 Bb R8W- r?B+? i`MbHi2b iQ  8W /Bz2`2M+2 BM /BbiM+2 iQ +2Mi2`X
h?2 Q#iBM2/ M2`2bi M2B;?#Q` /BbiM+2 Q7 RX8y µK Ub K2MiBQM2/
#Qp2V Bb MQi i?2 i`m2 p2`;2 Q7 i?2 /BbiM+2 #2ir22M }`bi M2`2bi M2B;?@
#Q`b bBM+2 i?2 p2`;2 /BK2i2` Q7 i?2 T`iB+H2b Bb RX88 µKX AMbi2/- r?2M 
bHQr b+M Bb T2`7Q`K2/ 7Q`  ?B;?@`2bQHmiBQM ǴxQQK2/@BMǴ BK;2- i?2 BK;2
rBHH b?Qr  T`iB+H2 +2Mi2` i?i Bb i?2 p2`;2 TQbBiBQM Q7 T`iB+H2 /m`BM;
i?i b+MX h?i p2`;2 TQbBiBQM Bb /Bz2`2Mi 7`QK i?2 +imH `2HiBp2 iQ i?2
9j
6B;m`2 jXRR, h?2 T`iB+H2b U;`22MV BM i?2 p+M+v Hv2` Q7 i?2 ǴxQQK2/@BMǴ &RRR'
/i@b2i iQ;2i?2` rBi? i?2 HQ+iBQMb Q7 T`iB+H2b BM  T2`72+i +`vbiH U#Hm2V +2Mi2`2/ i
i?2 p+M+v U`2/VX hQT TB+im`2 b?Qrb  &RRR' THM2 T`HH2H iQ i?2 i2KTHi2- r?BH2 i?2
#QiiQK TB+im`2 /2TB+ib QM2 &RRR' THM2 i?i 2ti2M/b i?`Qm;? i?2 i?B+FM2bb Q7 i?2 +`vb@
iHX
99
6B;m`2 jXRk, _2+QMbi`m+i2/ BK;2 Q7 HH T`iB+H2b BM i?2 p+M+v Hv2` Q7 i?2
ǴxQQK2/@BMǴ &RRR' /i@b2iX h?2 }`bi M2`2bi M2B;?#Q`b `2 +QMi`+i2/ BMiQ i?2 p+M+v
bT+2- ;BpBM; RX8y µK bT+BM; #2ir22M i?2 M2`2bi M2B;?#Q`b- p2`bmb RXek µK 7Q` i?2
M2`2bi M2B;?#Q`b `QmM/  T`iB+H2X h?2 b2+QM/ M2`2bi M2B;?#Q` /BbiM+2 iQ i?2 +2Mi2`
Q7 i?2 b?2HH Bb- kXke µK 7Q` i?2 p+M+v M/ kXkN µK 7Q`  T`iB+H2X
98
6B;m`2 jXRj, h?2 +m#Q+i?2/` 7Q`K2/ #v i?2 +2Mi2`b Q7 i?2 M2`2bi M2B;?#Q`b
bm``QmM/BM;  T`iB+H2 UH27iV M/  p+M+v U`B;?iV BM i?2 ǴxQQK2/@BMǴ &RRR' /i@b2iX
h?2 pQHmK2 Q7 i?2 p+M+v +m#Q+i?2/`QM Bb dX3e µm3 r?BH2 i?2 pQHmK2 Q7 i?2 T`iB+H2
+m#Q+i?2/`QM Bb NXk9 µK3X
9e
6B;m`2 jXR9, h?`22 TQbbB#H2 KQp2K2Mib Q7 M2`2bi M2B;?#Q`b BM  +HQb2@T+F2/ THM2
`QmM/  p+M+v UR@jVX h?2 #Hm2 T`iB+H2b BM/B+i2 T2`72+i >*S +QM};m`iBQMX h?2 `2/
T`iB+H2b BM/B+i2b TQbBiBQMb UbiBHH KBMiBMBM; ?`/@bT?2`2 /BbiM+2bV r?2M QM2 T`iB+H2
KQp2b BM iQr`/b i?2 +2Mi2`- Tmb?BM; Bib M2B;?#Q`b bHB;?iHv iQ i?2 bB/2X h?2 #H+F T`@
iB+H2b `2 i?2 p2`;2 +2Mi2` TQbBiBQM 7Q` 2+? M2`2bi M2B;?#Q` r?2M TQbBiBQMb 7`QK R@j
`2 //2/ mTX
9d
T`iB+H2 TQbBiBQMb i  ;Bp2M KQK2MiX  M2`2bi M2B;?#Q` +M }M/ Bib rv
BMiQ i?2 7`22 bT+2 Q7 i?2 p+M+v #v Tmb?BM; i?2 Qi?2` T`iB+H2b bHB;?iHv
bB/2rvb- b b?QrM b+?2KiB+HHv BM 6B;m`2 jXR9X aBM+2 i?2 bB/2rvb KQp2@
K2Mi Q7 i?2 M2B;?#Q` T`iB+H2b /Q2b MQi H2p2 i?2b2 T`iB+H2 Km+? 7m`i?2`
rv 7`QK i?2 +2Mi2` i?M Q`B;BMHHv- #mi i i?2 bK2 iBK2- i?2 ;BM 7Q` i?2
T`iB+H2 KQpBM; +HQb2` iQ +2Mi2` Bb H`;2- i?2 p2`;2 T`iB+H2 TQbBiBQM iF2M
Qp2` KMv ~m+imiBM; +QM};m`iBQMb +M #2 +HQb2` iQ i?2 +2Mi2` i?M 7Q` 
+HQb2@T+F2/ b?2HHX h?Bb B/2 2tTHBMb i?2 H`;2` BMi2MbBiv QM i?2 ?H7 Q7 i?2
T`iB+H2 7+BM; i?2 p+M+v BM 6B;m`2 jXkX
h?2 bii2K2Mi #Qp2 Bb +QM}`K2/ #v Q#b2`piBQMb QM i?2 ǴxQQK2/@
QmiǴ &Ryy' /i@b2iX 6B;m`2 jXR8 b?Qrb i?2 M2`2bi M2B;?#Q` /BbiM+2b 7Q`
i?2 M2`2bi M2B;?#Q` b?2HHb Q7 HH T`iB+H2b U`2/V M/ p+M+B2b U#Hm2V 7Q` QM2
iBK2 bi2TX >2`2 i?2 p2`;2 Q7 i?2 M2`2bi M2B;?#Q` /BbiM+2 BM i?2 T`iB+H2
b?2HH Bb RX8N µK r?2`2b i?2 bK2 p2`;2 7Q` i?2 p+M+B2bǶ M2`2bi M2B;?#Q`
b?2HH Bb RX83 µK- QMHv  RW /Bz2`2M+2X 6B;m`2 jXRe b?Qrb M BMBiBH /2+`2b2
BM M2`2bi M2B;?#Q` /BbiM+2 7`QK i?2 }`bi iQ i?2 b2+QM/ [m`i2`X h?Bb +M
#2 ii`B#mi2/ iQ i?2 Hv2`b Dmbi #Qp2 i?2 i2KTHi2 #2BM; bi`BM2/ /m2 iQ i?2
Qzb2i Q7 i?2 KBb}i /BbHQ+iBQMbX h?2 bHB;?i BM+`2b2 BM i?2 j`/ M/ 9i? Hv2`b
+Q``2Hi2b rBi? i?2 T`2bbm`2 ?2/ ;2iiBM; bKHH2`X
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6B;m`2 jXR8, h?2 p2`;2 /BbiM+2 #2ir22M i?2 T`iB+H2b BM i?2 M2`2bi M2B;?#Q`
b?2HH Q7  T`iB+H2 U`2/V M/ i?2 p2`;2 /BbiM+2 #2ir22M i?2 T`iB+H2b BM i?2 M2`2bi
M2B;?#Q` b?2HH Q7  p+M+v U#Hm2V 7Q` QM2 iBK2 bi2T THQii2/ b  7mM+iBQM Q7 ?2B;? BM i?2
+`vbiH BM i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2iX h?2 p2`;2 7Q` i?2 T`iB+H2b Bb RX8N µm M/
i?2 p2`;2 Q7 i?2 p+M+B2b RX83 µmX
6B;m`2 jXRe, h?2 /BbiM+2b Q7 6B;m`2 jXR8 p2`;2/ T2` [m`i2` Q7 i?2 +`vbiHc `2/,
T`iB+H2c #Hm2, p+M+vX
9N
jXjXRXj oQ`QMQB oQHmK2 Q7 i?2 #mHF S`iB+H2b
h?2 b?T2 Q7 i?2 oQ`QMQB +2HHb Q7 i?2 +imH T`iB+H2b BM i?2 +`vbiH Bb MQi
b T2`72+iHv bvKK2i`B+H b b?QrM BM 6B;m`2 jX3X h?2 +2HHb KB;?i #2 bHB;?iHv
/BbiQ`i2/ #v M2`#v HBM2 M/ TQBMi /272+ib- Q` #v i?2`KH ~m+imiBQMbX h?2`2@
7Q`2- i?2 7+2b Q7 i?2 oQ`QMQB +2HHb `2 ;2M2`HHv MQi `2;mH`- M/ bQK2iBK2b
KQ`2 7+2b `2 +`2i2/X 6B;m`2 jXRd b?Qrb i?2 oQ`QMQB +2HH Q7  T`iB+H2 BM
i?2 ǴxQQK2/@BMǴ &RRR' /i@b2iX
h?2 T`iB+H2 biBHH ?b Rk M2`2bi M2B;?#Q`b Ub /2}M2/ #v i?2 3y@RkyW
`mH2 Q7 i?2 i2KTHi2 bT+BM;V- #mi i?2 MmK#2` Q7 p2`iB+2b Bb MQr k9 M/ i?2
MmK#2` Q7 7+2b ?b BM+`2b2/ 7`QK Rk iQ R9X h?Bb Q#b2`piBQM TTHB2b iQ
jyd T`iB+H2b i?i ?p2 #22M /2}M2/ rBi? Rk M2`2bi M2B;?#Q`b BM i?Bb /i
b2i- r?2`2 i?2 p2`;2 MmK#2` Q7 7+2b Bb R9X h?2 BM+`2b2 BM i?2 MmK#2`
Q7 p2`iB+2b M/ 7+2b +Q``2bTQM/b iQ  bHB;?i /BbiQ`iBQM Q7 i?2 +m#Q+i?2/`H
+QQ`/BMiBQM (j8)X h?2 irQ 2ti` 7+2b Q++m` i i?2 p2`iB+2b r?2`2 7Qm` 7+2b
K22iX h?2 pQHmK2 T2` T`iB+H2 BM  T2`72+i 6** +`vbiH rBi?  M2`2bi
M2B;?#Q` /BbiM+2 Q7 RXek µK Bb jXyR µK3- r?B+? Bb p2`v +HQb2 iQ i?2 p2`;2
K2bm`2/ oQ`QMQB pQHmK2 BM i?Bb +`vbiH- jXyy µK3X
6B;m`2 jXR3 b?Qrb  ?BbiQ;`K Q7 i?2 oQ`QMQB pQHmK2 /Bbi`B#miBQM BM
i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2iX h?2 T2F Q7 i?2 ?BbiQ;`K Q++m`b i i?2
p2`;2 T`iB+H2 pQHmK2 7QmM/ BM a2+iBQM jXkX9- kXd9 µK3X h?2 /Bbi`B#miBQM
Bb MQi bvKK2i`B+ M/ ?b  iBH i H`;2` pQHmK2bX h?Bb iBH +M #2 i?2
`2bmHi Q7 TQHv/BbT2`bBivX 6Q` i?2 TQHv/BbT2`bBiv-  bKHH BM+`2b2 BM `/Bmb-
?b  +m#B+ BM+`2b2 BM oQ`QMQB pQHmK2 r?B+?- 7Q` H`;2` bT?2`2b- b?Qrb 
bB;MB}+Mi /Bz2`2M+2 BM i?2 oQ`QMQB pQHmK2 /Bbi`B#miBQMX
8y
6B;m`2 jXRd, oQ`QMQB +2HH Q7  T`iB+H2 BM 6** bi`m+im`2X h?Bb oQ`QMQB +2HH ?b R9
7+2b- +QKT`2/ iQ  Rk 7+2b 7Q` i?2 T2`72+i 6** T`iB+H2 BM 6B;m`2 jXe
8R
6B;m`2 jXR3, >BbiQ;`K Q7 oQ`QMQB pQHmK2 Q7 T`iB+H2b BM i?2 H`;2 &Ryy' /i b2iX
8k
h?2 b2KB@HQ; THQi Q7 6B;m`2 jXRN b?Qrb i?i i?2 iQT Q7 i?2 `B;?i bB/2 Q7
i?2 +m`p2 HQQFb HBM2`X h?Bb +M #2 BMi2`T`2i2/ #v 7`22 pQHmK2 ~m+imiBQMb
r?B+? Q++m` rBi?  T`Q##BHBiv (je),
P (vf ) =
γ
< vf >
exp
−γvf
< vf >
UjXjkV
r?2`2 vf Bb i?2 HQ+H 7`22 pQHmK2- < vf > Bb i?2 p2`;2 7`22 pQHmK2 T2`
T`iB+H2- M/ γ Bb M Qp2`HT 7+iQ` +QKKQMHv b2i i yX8X h?2 bHQT2 Q7 i?2
HBM2 Bb @NXek µK−3 M/ +Q``2bTQM/b iQ −γ/< vf > bQ i?i < vf > 4 yXy8k
µK3X h?Bb ;Bp2b M p2`;2 T`iB+H2 pQHmK2 U+`vbiH pQHmK2 T2` T`iB+H2V Q7,
< vparticle >=< vo > + < vf >=
4
3
(
1.55
2
)3pi/0.74 + 0.052 = 2.69µm3
UjXjjV
r?2`2 vo Bb i?2 +`vbiH pQHmK2 T2` T`iB+H2 7Q`  +HQb2@T+F2/ +`vbiHX
Ivparticle= Bb kW bKHH2` i?M i?2 pHm2 7QmM/ BM a2+iBQM jXkX9X aBM+2 i?Bb
pHm2 Q7 < vf > Bb M mTT2` HBKBi UHH Qi?2` TQbbB#H2 +QMi`B#miBQMb iQ i?2
iBH `2 B;MQ`2/V- i?2 bBKTH2 7`22 pQHmK2 i?2Q`v +M MQi ++QmMi 7Q` i?2
/Bbi`B#miBQM [mMiBiiBp2HvX
jXjXRX9 h?2 oQ`QMQB oQHmK2 Q7 i?2 o+M+v
h?2 +2Mi2` Q7 i?2 p+M+v Bb /2}M2/ #v i?2 p2`;2 Q7 i?2 +QQ`/BMi2b Q7
Bib Rk M2B;?#Q`bX h?2 oQ`QMQB +2HH Q7 i?2 p+M+v Bb b?QrM BM 6B;m`2 jXkyX
6B;m`2 jXkR b?Qrb oQ`QMQB +2HHb Q7 bBt Q7 i?2 ir2Hp2 M2`2bi M2B;?#Q`b r?2M
i?2 oQ`QMQB +2HH 7`QK i?2 p+M+v +2Mi2`- Bb `2KQp2/ 7Q` i?2 ǴxQQK2/@BMǴ
8j
6B;m`2 jXRN, a2KB@HM ?BbiQ;`K Q7 oQ`QMQB pQHmK2 Q7 T`iB+H2b BM i?2 ǴxQQK2/@QmiǴ
&Ryy' /i@b2iX
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6B;m`2 jXky, oQ`QMQB +2HH Q7 i?2 p+M+v r?2M M `iB}+BH /i TQBMi Bb Tmi i Bib
+2Mi2`X h?2 oQ`QMQB pQHmK2 Bb kXj9 µK3X
88
6B;m`2 jXkR, oQ`QMQB +2HHb Q7 bBt M2`2bi M2B;?#Q`b iQ  p+M+v QM i?2 bK2 THM2-
rBi? i?2 oQ`QMQB +2HH Q7 i?2 p+M+v Bib2H7 `2KQp2/X h?2 p2`;2 oQ`QMQB pQHmK2 ?2`2 Bb
kX3R µK3- eW bKHH2` i?M i?i Q7 M p2`;2 T`iB+H2X
8e
&RRR' /i@b2iX h?2 p2`;2 oQ`QMQB pQHmK2 Bb MQr kX3R µK3- eW bKHH2`
i?M i?2 p2`;2 7Q` T`iB+H2b BM i?2 /272+i@7`22 +`vbiHX h?2 oQ`QMQB pQHmK2
Q7 i?2 p+M+v Bib2H7 Bb kXj9 µK3- kkW bKHH2` i?M i?i Q7 i?2 p2`;2
T`iB+H2 BM i?2 +`vbiHX h?Bb +QM}`Kb i?i i?2 Rk T`iB+H2b bm``QmM/BM; 
p+M+v iF2 mT bB;MB}+MiHv H2bb bT+2 i?M  +Hmbi2` Q7 Rj T`iB+H2b rQmH/
BM  T2`72+i +`vbiHX AM 7+i- B7 r2 i`v iQ }M/ i?2 pQHmK2 Q7  p+M+v #v
iFBM; i?2 bmK Q7 i?2 Rk M2`2bi M2B;#Q`bǶ oQ`QMQB pQHmK2b M/ bm#i`+iBM;
Rk p2`;2 T`iB+H2 oQ`QMQB pQHmK2b- i?2M i?2 `2bmHiBM; pQHmK2 Bb yXkR µK3-
K2MBM; HKQbi MQ 2ti` bT+2X Ai b?QmH/ #2 F2Ti BM KBM/ i?i i?2 /2;`22 Q7
`2HtiBQM BM i?Bb ǴxQQK2/@BMǴ &RRR' /i@b2i Bb H`;2` i?M i?2 +imH QM2
/m2 iQ i?2 p2`;BM; Q7 i?2 T`iB+H2 TQbBiBQMb- b /Bb+mbb2/ #Qp2X
h?2 oQ`QMQB pQHmK2b Q7 T`iB+H2b U`2/V M/ p+M+B2b U#Hm2V BM i?2
ǴxQQK2/@QmiǴ &Ryy' /i@b2i `2 b?QrM BM 6B;m`2 jXkkX >2`2- ;BM- M `iB@
}+BH TQBMi Bb Tmi i i?2 +2Mi2` Q7 i?2 p+M+vX h?2 p2`;2 oQ`QMQB pQHmK2
Q7 i?2 T`iB+H2b Bb kXde µK3- #mi- bm`T`BbBM;- i?2 p2`;2 Q7 i?2 p+M+B2b Bb
bHB;?iHv H`;2`- kXd3 µK3X "2MM2ii M/ H/2` (3) TQBMi Qmi i?i i i?2 HQr2`
/2MbBiB2b i?2 M2`2bi M2B;?#Q` T`iB+H2b iQ  p+M+v ?p2 KQ`2 `QQK 7Q`
pB#`iBQMH 2Mi`QTv M/ +imHHv 2tTM/ i?2 HiiB+2X Ai Bb bm`T`BbBM;- i?Qm;?-
i?i i?Bb b?QmH/ ?QH/ 7Q` i?2 ?B;?2` /2MbBiB2b Q7 Qm` +`vbiHbX
hFBM; Qmi i?2 `iB}+BH TQBMi BM i?2 +2Mi2` Q7 i?2 p+M+B2b- i?2
oQ`QMQB pQHmK2 Q7 i?2 M2`2bi M2B;?#Q`b Q7 i?2 T`iB+H2b U`2/V M/ Q7 i?2
M2`2bi M2B;?#Q`b Q7 i?2 p+M+B2b U#Hm2V Bb THQii2/ BM 6B;m`2 jXk9 M/ 6B;@
m`2 jXk8 7Q` i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2iX h?2 p2`;2 Q7 i?2 T`iB+H2b
M2`2bi M2B;?#Q`b Bb 7QmM/ iQ #2 kX3y µK3- r?BH2 i?2 K2M 7Q` i?2 p+M+B2b
8d
6B;m`2 jXkk, h?2 oQ`QMQB pQHmK2b Q7 i?2 T`iB+H2b U`2/V `2 THQii2/ iQ;2i?2` rBi?
i?2 oQ`QMQB pQHmK2b Q7 i?2 p+M+B2b r?2M r?2M M `iB}+BH /i TQBMi Bb Tmi BM i?2
+2Mi2` Q7 i?2 p+M+v U#Hm2V 7Q` i?2 H`;2 ǴxQQK2/@QmiǴ &Ryy' /i@b2iX h?2 p2`;2 Q7
i?2 T`iB+H2b Bb 7QmM/ iQ #2 kXde µK3- r?BH2 i?2 K2M 7Q` i?2 p+M+B2b Bb QMHv bHB;?iHv
H`;2`- kXd3 µK3X
6B;m`2 jXkj, h?2 p2`;2 Q7 6B;m`2 jXkk p2`;2/ Qp2` i?2 [m`i2`b Q7 i?2 +`vbiH
?2B;?iX S`iB+H2b, `2/c p+M+B2b, #Hm2X
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M2`2bi M2B;?#Q`b Bb QMHv bHB;?iHv H`;2`- kXNd µK3X
jXjXRX8 J2M a[m`2 .BbTH+2K2Mi P7 h?2 L2`2bi L2B;?#Q`b
P7  o+M+v
6Q` i?2 bBM;H2 p+M+B2b BM i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2i- i?2 K2M b[m`2
/BbTH+2K2Mib Q7 i?2 M2`2bi M2B;?#Q`b r2`2 +H+mHi2/ M/ +QKT`2/ iQ
i?Qb2 Q7 i?2 M2B;?#Q`b Q7  T`iB+H2X h?2 `2bmHib `2 b?QrM BM 6B;m`2 jXke
M/ 6B;m`2 jXkdX
.m2 iQ i?2 BM+`2b2 BM 7`22 pQHmK2 BM r?B+? i?2v +M KQp2- i?2 M2B;?@
#Q`b Q7  p+M+v ?p2  K2M b[m`2 /BbTH+2K2Mi Q7- yXyy8j µm2- r?B+? Bb
M Q`/2` Q7 K;MBim/2 H`;2` i?M i?2 +Q``2bTQM/BM; pHm2 7Q` i?2 M2B;?#Q`b
Q7  T`iB+H2 UyXyyyj µK2VX
jXjXRXe oQHmK2 Q7 7Q`KiBQM Q7 o+M+B2b
h?2 pQHmK2 Q7 7Q`KiBQM- ∆Vv- Q7 p+M+B2b Bb i?2 pQHmK2 +?M;2 Q7 i?2
+`vbiH mTQM `2KQpBM;  T`iB+H2- TH+BM; Bi i i?2 bm`7+2- M/ H2iiBM; i?2
HiiB+2 `2Ht Ua22 1[miBQM jXj9VX
∆Vv = ∆Vp +∆Vrelax UjXj9V
AM i?2 a2+iBQMb #Qp2 b2p2`H pHm2b 7Q` i?2b2 [mMiBiB2b ?p2 #22M +H+mHi2/
7Q` i?2 irQ /i b2ibX h#H2 jX9 T`QpB/2b  bmKK`vX 1[miBQM jXj9 Bb mb2/
iQ Q#iBM i?2 pQHmK2 Q7 7Q`KiBQM 7Q` i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2i M/
THQii2/ p2`bmb `2/m+2/ T`2bbm`2 iQ;2i?2` rBi? "2MM2ii M/ H/2`Ƕb /i (3)
BM 6B;m`2 jXk3X h?2 `2/m+2/ T`2bbm`2 PVoNkBT 7Q` Qm` 2tT2`BK2Mi Bb Q#iBM2/
8N
6B;m`2 jXk9, h?2 oQ`QMQB pQHmK2b Q7 i?2 T`iB+H2b M2`2bi M2B;?#Q`b U`2/V `2 THQi@
i2/ iQ;2i?2` rBi? i?2 oQ`QMQB pQHmK2b Q7 i?2 p+M+B2b M2`2bi M2B;?#Q`b U#Hm2V 7Q` QM2
iBK2 bi2T BM i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2iX h?2 p2`;2 Q7 i?2 T`iB+H2b M2`2bi
M2B;?#Q`b Bb 7QmM/ iQ #2 kX3y µK3- r?BH2 i?2 K2M 7Q` i?2 p+M+B2b M2`2bi M2B;?#Q`b
Bb QMHv bHB;?iHv H`;2`- kXNd µK3X
6B;m`2 jXk8, h?2 pHm2b Q7 6B;m`2 jXk9 p2`;2/ Qp2` i?2 [m`i2`b Q7 i?2 +`vbiH
?2B;?iX S`iB+H2, `2/c p+M+B2b, #Hm2X
ey
6B;m`2 jXke, h?2 K2M b[m`2 /BbTH+2K2Mi p2`;2 Q7 i?2 M2`2bi M2B;?#Q`b Q7
T`iB+H2b U`2/V M/ p+M+B2b U#Hm2V 7Q` i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2i b  7mM+iBQM
Q7 ?2B;?i BM i?2 +`vbiHX h?2 p2`;2 pHm2 7Q` i?2 p+M+v M2B;?#Q`b Bb yXyy8j µK2- M/
7Q` #mHF T`iB+H2b yXyyyj µK2X
6B;m`2 jXkd, h?2 pHm2b Q7 6B;m`2 jXke p2`;2/ Qp2` i?2 [m`i2`b Q7 i?2 +`vbiH
?2B;?iX S`iB+H2, `2/c p+M+B2b, #Hm2X
eR
ǴwQQK2/@BMǴ &RRR' /i b2i o+M+v S`iB+H2 ∆Vrelax ∆Vv
L2`2bi M2B;?#Q` /BbiM+2 RX8y µK RXek µK @yXek µK3
oQ`QMQB pQHmK2 Q7 +2Mi2` kXj9 µK3 jXyy µK3 @yXee µK3
oQ`QMQB pQHmK2 M2`2bi M2B;?#X jXyR µK3
oQHmK2 Q7 +m#Q+i?2/`QM dX3e µK3 NXk9 µK3 @RXj3 µK3
S`iB+H2 oQHmK2 jXyk µK3
ǴwQQK2/@QmiǴ &Ryy' /i b2i o+M+v S`iB+H2 ∆Vrelax ∆Vv
L2`2bi M2B;?#Q` /BbiM+2 RX83 µK RX8N µK @yXR3 µK3 kX8e µK3
oQ`QMQB pQHmK2 Q7 +2Mi2` kXd3 µK3 kXde µK3 yXy9 µK3 kXd3 µK3
oQ`QMQB pQHmK2 M2`2bi M2B;?#X kXNd µK3 kX3y µK3 yXyk µK3 kXde µK3
S`iB+H2 oQHmK2 kXd9 µK3
h#H2 jX9, oQHmK2 `2HtiBQM bmKK`v Q7 /Bz2`2Mi K2bm`2K2Mib T`2b2Mi2/ #Qp2X
#v mbBM; i?2 2[miBQM Q7 bii2 U1[miBQM kX3VX aBM+2 ρ Ui?2 MmK#2` /2MbBiv
Q7 T`iB+H2bV 4N/V - pkBT = ZNV M/ r2 ;2i,
PVo
NkBT
=
ZVo
V
UjXj8V
Pm` T`2/B+i2/ pHm2 7Q` i?2 pQHmK2 Q7 7Q`KiBQM Qp2` i?2 +HQb2@T+F2/
pQHmK2 BM 6B;m`2 jXk3 b?QmH/ #2 +HQb2 iQ R #2+mb2 b i?2 /2MbBiv TT`Q+?2b
i?i Q7 +HQb2@T+F2/ +`vbiHb- i?2 pQHmK2 Q7 7Q`KiBQM i?2 +HQb2@T+F2/ pQH@
mK2 b?QmH/ #2 #Qmi i?2 bK2X
jXjXRXd JQp2K2Mi Q7 o+M+B2b
7i2` Q#b2`pBM; i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2i 7Q` RjX8 ?Qm`b- MQM2 Q7 i?2
bBM;H2 p+M+B2b ?/ KQp2/X o+M+B2b +HQb2 iQ bi+FBM; 7mHib bQK2iBK2b
KQp2/- #mi i?2b2 p+M+B2b `2 MQi BM+Hm/2/ BM Qm` +QmMiX 6B;m`2 jXkN b?Qrb
i?2 KQiBQM Q7 bm+?  p+M+vX h?2b2 };m`2b `2 T`i Q7  /Bz2`2Mi /i@
b2i- BM r?B+? TB+im`2b r2`2 iF2M 2p2`v KBMmi2 7Q` de KBMmi2bX  p+M+v-
MQiB+2#H2 BM i?2 }`bi d KBMmi2b mM/2`M2i?  Hv2` +QMiBMBM;  /BbHQ+iBQM
HBM2- +HBK#b mT iQ i?2 /BbHQ+iBQM BM i?2 M2ti iBK2 bi2TX h?2 /BbHQ+iBQM
ek
6B;m`2 jXk3, oQHmK2 Q7 7Q`KiBQM Qp2` +HQb2@T+F2/ pQHmK2 pbX T`2bbm`2 2ti`+i2/
7`QK i?2 /Bz2`2Mi K2bm`2K2Mib Q7 pQHmK2 `2HtiBQM BM h#H2 jX9X "Hm2 BM/B+i2/ "2M@
M2ii M/ H/2`b /i M/ `2/ BM/B+i2/ Qm` /iX oo BM/B+i2/ i?2 pQHmK2 Q7 7Q`K@
iBQM Q#iBM2/ #v +`2iBM; M `iB}+BH TQBMi BM i?2 +2Mi2` Q7 i?2 p+M+v iQ Q#iBM i?2
oQ`QMQB pQHmK2 Q7 i?2 p+M+v- LL BM/B+i2b i?2 pQHmK2 Q7 7Q`KiBQM Q#iBM2/ 7`QK i?2
M2`2bi M2B;?#Q` /BbiM+2 `QmM/  p+M+v- M/ ooLL biM/b 7Q` oQ`QMQB pQHmK2 Q7
M2`2bi M2B;?#Q`b- r?2`2 2+? M2`2bi M2B;?#Q` Q#iBMb QM2 Rki? Q7 i?2 bT+2 Q7 i?2 p@
+M+vX h?2 pQHmK2 Q7 7Q`KiBQM Bb +H+mHi2/ #v //BM; i?2 Rk M2`2bi M2B;?#Q` oQ`QMQB
pQHmK2b M/ bm#i`+iBM; Rk T`iB+H2 oQ`QMQB pQHmK2bX a22 pHm2b BM h#H2 jX9X
ej
HBM2 ?/ BM i?2 bK2 iBK2 T2`BQ/ KQp2/ iQr`/b i?2 p+M+v M/ i?2 DQ;
bi`B;?i2Mb Qmi b  `2bmHi Q7 i?2 +HBK#- b b?QrM BM 6B;m`2 jXjyX h?Bb
T?2MQK2MQM BHHmbi`i2b Qm` 2`HB2` 2tTHMiBQM r?v Hv2`b rBi? /2Mb2 HBM2
/272+ib +QMiBM 72r2` p+M+B2bX
aBM+2 MQ bBM;H2 p+M+B2b `2 KQpBM; QM i?2B` QrM- Bi Bb BKTQbbB#H2 iQ
;2i M ++m`i2 DmKT 7`2[m2M+vX >Qr2p2`- M mTT2` HBKBi +M #2 Q#iBM2/ #v
bbmKBM; i?i QM2 p+M+v rQmH/ ?p2 KQp2/ BM i?2 M2ti iBK2 bi2T- K2MBM;
7i2` R9 ?Qm`bX h?Bb +Q``2bTQM/b iQ  DmKT 7`2[m2M+v Q7,
Γ =
1
1115
× 1
14× 3600 = 1.8× 10
−8sec−1 UjXjeV
lbBM; i?2 ii2KTi 7`2[m2M+v- ν = 0.6 b2+−1 U1[miBQM jXRkV- r2 Q#iBM
∆Gm
kBT
4 RdX8 7`QK 1[miBQM jXNX q2 +QKT`2 i?i pHm2 rBi? "2MM2ii M/
H/2`Ƕb bBKmHiBQMb (3) iF2M QM ?`/ bT?2`2 bvbi2Kb Q7 Km+? HQr2` /2MbBiv
BM 6B;m`2 jXjRX >2`2- i?2 DmKT 7`2[m2M+v Qp2` ii2KTi 7`2[m2M+v UΓν V pb
PVo
NkBT
7Q` #Qi? "2MM2ii M/ H/2`Ƕb /i U#Hm2V M/ Qm`b U`2/V Bb THQii2/X
PVo
NkBT
+M #2 Q#iBM2/ 7Q` Qm` +`vbiH 7`QK i?2 2[miBQM Q7 bii2 (k9) M/ i?2
T`iB+H2 pQHmK2 (Rd)- b /2b+`B#2/ BM 1[miBQM jXj8
h?2 #2bi }i bi`B;?i HBM2 i?`Qm;? "2MM2ii M/ H/2`Ƕb /i U#Hm2V Bb
b?QrM BM 6B;m`2 jXjRX 6Q` PVoNkBT Q7 Qm` /i- i?2B` 2ti`TQHi2/ pHm2 7Q`
@HQ;UΓν V Bb djXkX AM Qi?2` rQ`/b- r2 rQmH/ M22/ iQ rBi 1021 v2`b BM Q`/2`
7Q`  DmKT iQ Q++m`X
e9
6B;m`2 jXkN,  p+M+v ?b #22M i i?2 bK2 bTQi Q7 d KBMmi2b- iQT H27i TB+im`2X
AM i?2 Hv2` #Qp2  /BbHQ+iBQM HBM2 rBi?  DQ; KQp2b Qp2` i?2 p+M+v- #QiiQK H27i TB+@
im`2X 7i2` 3 KBM- i?2 p+M+v ?b +HBK#2/ iQ i?2 /BbHQ+iBQM HBM2 UiQT M/ #QiiQK `B;?i
TB+im`2 `2bT2+iBp2HvVX h?2 DQ; /BbTT2`2/ BM i?2 M2ti iBK2 bi2T b b?QrM BM b22 6B;m`2
jXjy
e8
6B;m`2 jXjy, PM2 KBMmi2 Hi2`- i?2 DQ; i?i rb T`2pBQmbHv T`2b2Mi BM i?2 /BbHQ+@
iBQM HBM2 #27Q`2 i?2 p+M+v +HBK# U6B;m`2 jXkNV ?b /BbTT2`2/X
ee
6B;m`2 jXjR, CmKT 7`2[m2M+v Qp2` ii2KTi 7`2[m2M+v pb `2/m+2/ T`2bbm`2 7Q` "2M@
M2ii M/ H/2`Ƕb p+M+v /i U#Hm2V M/ i?2 mTT2` HBKBi U`2/V 7Q` i?2 ǴxQQK2/@QmiǴ
&Ryy' /i@b2iX h?2 HBM2 Bb  HBM2` }i i?`Qm;? "2MM2ii M/ H/2`Ƕb /iX
ed
jXjXk .Bp+M+B2b
jXjXkXR *QM+2Mi`iBQM Q7 /Bp+M+B2b BM Qm` bKTH2b
h?2 MmK#2` Q7 /Bp+M+B2b BM i?2 ǴxQQK2/@QmiǴ &Ryy' /i@b2i Bb R3X h?2v
`2 /Bbi`B#mi2/ mM2p2MHv i?`Qm;?Qmi i?2 bKTH2- b /2TB+i2/ BM 6B;m`2 jXjkX
h?2`2 `2 KQ`2 /Bp+M+B2b BM i?2 iQT ?H7 Q7 i?2 bKTH2- BM/B+iBM; i?i
/Bp+M+B2b KB;?i #2 KQ`2 HBF2Hv iQ 7Q`K i HQr2` /2MbBiv- r?2`2 p+M+B2b
Kv #`B2~v ?p2 ?B;?2` KQ#BHBiv M/ ?2M+2  ;`2i2` +?M+2 i bbQ+BiBM;X
jXjXkXk oQ`QMQB oQHmK2 Q7 /Bp+M+B2b
6B;m`2 jXjj b?Qrb i?2 oQ`QMQB pQHmK2b `QmM/ i?2 /Bp+M+B2b- THQii2/ #v 
+QHQ` +Q/2 7Q` 2+? T`iB+H2 QM  b+H2 #2ir22M kXj M/ jXj µK3X h?Bb 6B;m`2
+H2`Hv b?Qrb i?i bQK2 oQ`QMQB pQHmK2b `QmM/ i?2 /Bp+M+B2b `2 bHB;?iHv
H`;2`- r?B+? KB;?i 2tTHBM i?2 ?B;?2` HBF2HB?QQ/ Q7 KQp2K2Mi +QKT`2/ iQ
bBM;H2 p+M+B2bX q2 +H+mHi2/ i?2 p2`;2 oQ`QMQB pQHmK2 Q7 i?2 +2Mi2` Q7
i?2 /Bp+M+B2b pb iBK2 Ub b?QrM BM 6B;m`2 jXj9VX h?2 +2Mi2`b Q7 i?2 irQ
p+M+B2b- r¯v1 M/ r¯v2- r2`2 /2i2`KBM2/ 7Q` 2+? iBK2 bi2T #v bQHpBM; i?2b2
bBKmHiM2Qmb 2[miBQMb,
1
12
(
11∑
i=1
r¯i + r¯v2) = r¯v1 UjXjdV
1
12
(
11∑
j=1
r¯j + r¯v1) = r¯v2 UjXj3V
r?2`2 i?2 r¯i M/ i?2 r¯j `2 TQbBiBQMb Q7 M2B;?#Q`b Q7 2+? p+M+vX h?2 K2M
oQ`QMQB pQHmK2 Qp2` iBK2 Bb 8X8N µm3- ;BpBM; kX3y µm3 T2` p+M+v- r?B+?
e3
6B;m`2 jXjk, .Bbi`B#miBQM Q7 /Bp+M+B2b BM i?2 7Qm` [m`i2`b Q7 i?2 ?2B;?iX Zm`i2`
R Bb +HQb2bi iQ i?2 i2KTHi2X
eN
6B;m`2 jXjj, oQ`QMQB pQHmK2b Q7 T`iB+H2b BM Hv2`b `QmM/ i?2 /Bp+M+vX
dy
6B;m`2 jXj9, oQ`QMQB pQHmK2 Q7  /Bp+M+v pbX iBK2X
dR
Bb H`;2` i?M i?i Q7 i?2 bBM;H2 p+M+v UkXj9 µm3- 6B;m`2 jXkyVX aBM+2 i?2
oQ`QMQB pQHmK2 Q7  /Bp+M+v Bb ;`2i2` i?M irB+2 i?2 oQ`QMQB pQHmK2 Q7 
p+M+v- i?2 +QMi`B#miBQM Q7 i?2 pQHmK2 Q7 bbQ+BiBQM- ∆Va- iQ i?2 2Mi?HTv
Q7 7Q`KiBQM Q7 i?2 /Bp+M+v- ∆Ha- Bb TQbBiBp2- i?2 BM+`2b2 BM i?2 2Mi`QTv
Q7 pB#`iBQM mTQM bbQ+BiBQM- ∆Sa- Kmbi #2 bm{+B2MiHv H`;2 iQ `2bmHi BM 
M2;iBp2 7`22 2M2`;v Q7 bbQ+BiBQM ∆Ga = ∆Ha − T∆SaX h?2 +H+mHiBQMb
Q7 "2MM2ii M/ H/2` BM/B+i2 i?i ∆Ga Bb BM/22/ M2;iBp2X h?2 oQ`QMQB
+2HHb 7Q` i?`22 /Bz2`2Mi iBK2 bi2Tb `2 b?QrM BM 6B;m`2 jXj8X h?2 p2`;2
oQ`QMQB pQHmK2 7Q` i?2 R3 M2`2bi M2B;?#Q`b `QmM/ i?2 /Bp+M+v Qp2` iBK2
Bb b?QrM BM 6B;m`2 jXjeX h?2 Qp2`HH p2`;2 oQ`QMQB pQHmK2 Bb jXRj µK3 T2`
M2`2bi M2B;?#Q`X h?Bb /Bp+M+v Bb BM i?2 i?B`/ [m`i2`- r?B+? ++Q`/BM;
iQ 6B;m`2 jXkj ;Bp2b  T`iB+H2 oQ`QMQB pQHmK2 Q7 kXd8 µK3- i?2 ∆Vv 7Q` i?2
/Bp+M+v +M #2 +H+mHi2/,
∆Vv = 18× (3.13− 2.75)µm3 = 6.84µm3 UjXjNV
h?Bb ;Bp2b jX9k µK3 T2` p+M+v- r?B+? Bb Km+? H`;2` i?M i?i Q7  bBM;H2
p+M+vX ∆Vv ;Bp2b  Vrelax4 yXN3 µK3 ++Q`/BM; iQ 1[miBQM jXj9- r?B+?
Bb HbQ bB;MB}+MiHv H`;2` i?M i?i Q7  bBM;H2 p+M+vX
jXjXkXj JQiBQM Q7 /Bp+M+B2b
Pmi Q7 i?2 R3 /Bp+M+B2b- QMHv i?`22 KQp2/X h?2 i?`22 /Bp+M+B2b KF2 
iQiH Q7 7Qm` DmKTb Qp2` RjX8 ?Qm`b- ;BpBM;  DmKT 7`2[m2M+v Q7,
Γ =
4
18
× 1
13.5× 3600 = 4.6× 10
−6sec−1 UjX9yV
dk
6B;m`2 jXj8, h?2 /Bp+M+vǶb pQ`QMQB +2HHX
dj
6B;m`2 jXje, p2`;2 oQ`QMQB pQHmK2 7Q` i?2 M2`2bi M2B;?#Q`b Q7 i?2 /Bp+M+v pbX
iBK2X
d9
h?2 2``Q` Bb √4- ;BpBM;  DmKT 7`2[m2M+v 2``Q` Q7 ±2.3 × 10−6X qBi? i?2
ii2KTi 7`2[m2M+v ν = 0.6 b2+−1 i?2 7`22 2M2`;v Q7 KQiBQM Q7 i?2 /Bp+M+v
Bb Q#iBM2/ 7`QK 1[miBQM jXN iQ ;Bp2 ∆GmkBT 4 RRX3- rBi? M 2``Q` Q7 ±0.7X
h?2 QM2 /Bp+M+v i?i KQp2/ irB+2 Bb 72im`2/ BM 6B;m`2 jXjdX h?2 }`bi
DmKT ?TT2M2/ #2ir22M kX8 M/ j ?Qm`b 7i2` i?2 2tT2`BK2Mi bi`i2/ M/
i?2 b2+QM/ KQp2K2Mi ?TT2M2/ #2ir22M 9 M/ 9X8 ?Qm`bX
d8
6B;m`2 jXjd, h?2 QMHv /Bp+M+v iQ KQp2 irB+2 /m`BM; i?2 RjX8 ?Qm`b Bb BM/B+i2/
#Qp2 rBi? irQ v2HHQr T`iB+H2b bBimi2/ i i?2 /Bp+M+vǶb irQ +2Mi2`bX h?2 }`bi DmKT
Q++m``2/ 7i2` j ?Qm`bX h?2 b2+QM/ DmKT Q++m``2/ 9X8 ?Qm`b BMiQ i?2 2tT2`BK2MiX
de
h?2 iBK2 Q7 KQp2K2Mi Q7 i?2 /Bp+M+v pb i?2B` ?2B;?i Bb b?QrM BM
6B;m`2 jXjNX h?`22 Qmi Q7 i?2 7Qm` KQp2K2Mib ?TT2M2/ i i?2 iQT Q7 i?2
+`vbiH- T`2bmK#Hv #2+mb2 Q7 i?2 HQr2` /2MbBivX
h?2 DmKT 7`2[m2M+v Qp2` ii2KTi 7`2[m2M+v pb `2/m+2/ T`2bbm`2 Bb
THQii2/ 7Q` "2MM2ii M/ H/2`bǶb /i U#Hm2V M/ Qm` +`vbiH U`2/V BM 6B;@
m`2 jXjNX Pm` /i `2 +HQb2 iQ i?2 2ti`TQHiBQM Q7 i?2 bBKmHiBQM /iX
*QMbB/2`BM; 1[miBQM jXN- r2 MQr ?p2,
log
Γ
ν
= − p∆Vm
kBT
+
∆Sm
kB
UjX9RV
q2 +M KmHiBTHv iQT M/ #QiiQK Q7 i?2 }`bi i2`K rBi? Vo,
log
Γ
ν
= − pV0
kBT
∆Vm
V0
+
∆Sm
kB
UjX9kV
h?2 bHQT2 Q7  HBM2 i?`Qm;? #Qi? Qm` M/ "2MM2ii M/ H/2`Ƕb Bb ∆VmV0 4 yXR3X
h?2 BMi2`+2Ti Q7 i?2 HBM2 rBi? i?2 7`2[m2M+v tBb Bb ∆SmkB 4 yX9NX "Qi? i?2b2
pHm2b `2 THmbB#H2X
jXjXj o+M+v @ AMi2`biBiBH SB`b
jXjXjXR *QM+2Mi`iBQM
h?2`2 `2 }p2 p+M+v @ BMi2`biBiBH TB`b BM i?2 ǴxQQK2/@QmiǴ&Ryy' /i@b2i-
BM r?B+?  p+M+v Bb /D+2Mi iQ M BMi2`biBiBHX 6Qm` Q7 i?2b2 BMi2`biBiBHb
`2 HQ+i2/ BM i?2 b2+QM/ [m`i2` M/ QM2 BM i?2 i?B`/ [m`i2` U6B;m`2 jX9yV
Q7 i?2 bKTH2X h?2`2 `2 MQ BMi2`bBiBHb BM i?2 mTT2` [m`i2`X h?2 ?B;?2`
KQ#BHBiv BM i?2 iQT Hv2` KB;?i HBKBi i?2 +?M+2 7Q` i?2K iQ #2 i`TT2/ b
/272+ibX
dd
6B;m`2 jXj3, hBK2 Q7 i?2 KQp2K2Mi Q7 i?2 /Bp+M+B2b b  7mM+iBQM Q7 i?2B` ?2B;?iX
h?2 +B`+H2/ /Qib BM/B+i2 i?2 bK2 /Bp+M+vX
d3
6B;m`2 jXjN, CmKT 7`2[m2M+v Q7 i?2 /Bp+M+v Qp2` ii2KTi 7`2[m2M+v pb `2/m+2/
T`2bbm`2 7Q` "2MM2ii M/ H/2`Ƕb /i U#Hm2V M/ Qm` +`vbiH U`2/VX h?2 HBM2 Bb  }i iQ
"2MM2ii M/ H/2`Ƕb /iX
dN
6B;m`2 jX9y, .Bbi`B#miBQM Q7 BMi2`biBiBH @ p+M+v TB`b +`Qbb 7Qm` [m`i2`b Q7 i?2
?2B;?iX
3y
jXjXjXk JQiBQM Q7 i?2 AMi2`biBiBH BMiQ i?2 o+M+v UMMB?BH@
iBQMVX
M 2tKTH2 Q7 M BMi2`biBiBH i?i KQp2b BMiQ i?2 p+Mi bT+2 Bb b?QrM BM
6B;m`2 \\X h?`22 Qmi Q7 }p2 KQp2 BMiQ i?2 p+Mi HiiB+2 bBi2 /m`BM; i?2
/m`iBQM Q7 i?2 Q#b2`piBQM- RjX8 ?Qm`b- r?B+? ;Bp2b  DmKT 7`2[m2M+v Q7,
Γ =
3
5
× 1
13.5× 3600 = 1.2× 10
−5sec−1 UjX9jV
h?2 2``Q` Bb √4- ;BpBM;  DmKT 7`2[m2M+v 2``Q` Q7 ±0.7 × 10−5X qBi? i?2
ii2KTi 7`2[m2M+v ν 4 yXe b2+−1 i?Bb ;Bp2 7`QK 1[miBQM jXN- ∆GmkBT 4 RyX3-
rBi? M 2``Q` Q7 ±0.8X  bmKK`v Q7 i?2 p+M+v- /Bp+M+v- M/ BMi2`biBiBH@
p+Mv TB`Ƕb DmKT 7`2[m2M+v M/ :B##b 7`22 2M2`;v Bb /BbTHv2/ BM h#H2 jX8X
∆Gm
kBTCmKT 7`2[m2M+v- :B##b 7`22 2M2`;v 2ti`TQHi2/
Γ Ub2+−1V Q7 KQiBQM- ∆GmkBT 7`QK bBKmHiBQM
o+M+v 1.8× 10−8 RdX8 djXk
UmTT2` HBKBiV UHQr2` HBKBiV
.Bp+M+v (4.6± 2.3)× 10−6 11.8± 0.7 RkXj
o+M+v @
BMi2`biBiBH (1.2± 0.7)× 10−5 10.8± 0.8
TB`
h#H2 jX8, CmKT 7`2[m2M+v M/ :B##b 7`22 2M2`;v 7Q` i?2 p+M+v- i?2 /Bp+M+v-
M/ i?2 p+M+v @ BMi2`biBiBH TB`X
3R
6B;m`2 jX9R, MMB?BHiBQM Q7  p+M+v @ BMi2`biBiBH TB`X h?2 BMi2`biBiBH Bb M2ti
iQ  p+M+v BM i?2 Hv2` #2HQrX h?2 `B;?i };m`2b b?Qr i?2 Hv2`b jy KBM Hi2`X h?2
BMi2`biBiBH ?b KQp2/ BMiQ i?2 p+M+vX
3k
6B;m`2 jX9k, hBK2 Q7 i?2 MMB?BHiBQM Q7 i?2 BMi2`biBiBH @ p+M+v TB`b- b  7mM+@
iBQM Q7 i?2B` ?2B;?iX
3j
4
AMi2`+iBQM "2ir22M  .BbHQ+iBQM M/ 
hrBM "QmM/`v AM  >`/@aT?2`2
*QHHQB/H *`vbiH
q?2M  Ki2`BH Bb mM/2`;QBM; THbiB+ /27Q`KiBQM- /BbHQ@+iBQMb Mm+H2i2 M/ i`p2H i?`Qm;? i?2 Ki2`BH iQ `2H2b2 bi`BM
2M2`;v (Rj)X h?2 /BbHQ+iBQM /2MbBiv BM+`2b2b rBi? +QMiBMmQmb /27Q`KiBQMX
q?2M i?2 MmK#2` Q7 /BbHQ+iBQMb Bb bm{+B2MiHv H`;2 i?2 /BbHQ+iBQMb bi`i iQ
`mM BMiQ 2+? Qi?2`X h?2 2M2`;v `2[mB`2/ 7Q` /BbHQ+iBQMb iQ Tbb Q` +mi QM2
MQi?2` H2/b iQ rQ`F ?`/2MBM;X Pi?2` /272+ib +M ?p2  bBKBH` 2z2+i,
;`BM #QmM/`B2b `2 FMQrM iQ biQT /BbHQ+iBQMb M/ H2/ iQ bi`2M;i?2MBM; Q7
i?2 Ki2`BH #v i?2 >HH@S2i+? K2+?MBbK (Rj) (jd)X  ;`BM #QmM/`v rBi?
?B;? bvKK2i`v M/ HQr 2M2`;v Bb i?2 irBM #QmM/`v (Rj) (RR)X Ai T`2b2Mib
 r2HH +?`+i2`Bx2/- mMB7Q`K Q#bi+H2 7Q` /BbHQ+iBQM KQiBQMX h?Bb +?Ti2`
BMp2biB;i2b i?2 BMi2`+iBQM #2ir22M  /BbHQ+iBQM M/  irBM #QmM/`v BM 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?`/@bT?2`2 +QHHQB/H +`vbiHX
9XR AMi`Q/m+iBQM
9XRXR hrBM "QmM/`B2b
hrBM #QmM/`B2b `2 ;`BM #QmM/`B2bX h?2B` 2M2`;v Q7 7Q`KiBQM Bb Km+?
HQr2` i?M i?i Q7 Qi?2` ;`BM #QmM/`B2b bBM+2 i?2v ?p2 MQ /2MbBiv /2}+Bi
M/ i?2 +QQ`/BMiBQM MmK#2` Q7 HH i?2 T`iB+H2b Bb KBMiBM2/X h?2 2M2`;v
Q7 7Q`KiBQM Q7  &RRy'∑j +Q?2`2Mi irBM #QmM/`v Bb HbQ HQr2` i?M i?i Q7
 bi+FBM; 7mHi (Rj)X h?Bb +M 2bBHv #2 b22M r?2M r`BiBM; i?2 /Bz2`2Mi "*
Hv2` ``M;2K2MibX Ua22 6B;m`2 kXk 7Q` b?QrBM; M  Hv2`- " Hv2`- M/ 
* Hv2` BM `2HiBQM iQ 2+? Qi?2`VX  T2`72+i 6** ?b Hv2` ``M;2K2Mib
"*"*"*"*X AM  bi+FBM; 7mHi- irQ >*S Hv2`b Q++m` `B;?i M2ti iQ
2+? Qi?2` T`Q/m+BM; Hv2` ``M;2K2Mi Q7 "*""*"*X 6Q`  irBM
#QmM/`v i?2 Hv2` bi`m+im`2 Bb "*"*"*"*"- QMHv H2pBM; QM >*S
Hv2` BM i?2 KB//H2X >Qr2p2`- BM ?`/@bT?2`2 +QHHQB/H +`vbiHb- #Qi? i?2b2
2M2`;B2b `2 x2`QX 6B;m`2 9XR b?Qrb i?2 }`bi Hv2` Q7  &Ryy' ∑ 8 iBHi ;`BM
#QmM/`v M/  irBM #QmM/`vX h?2 /2MbBiv /2}+Bi BM i?2 ∑ 8 #QmM/`v
b?QmH/ #2 MQi2/X
hrBMb +M `Bb2 /m`BM; +`vbiH ;`Qri? Q` 7`QK b?2` /27Q`KiBQM (Rj)X
AM 6**- i?2 /27Q`KiBQM irBM Bb 7Q`K2/ #v /BbTH+BM; bm++2bbBp2 &RRR' THM2b
#v 16a < 112¯ > p2+iQ` BM i?2 THM2 UBX2X  → "- " → *- * →  - b22 6B;m`2
9XkV- r?B+? T`Q/m+2b  ?QKQ;2M2Qmb b?2` Q7
√
2
2 X
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6B;m`2 9XR, hQT, i?2 }`bi Hv2` Q7  &Ryy' ∑ 8 iBHi ;`BM #QmM/`vX "QiiQK, }`bi
Hv2` Q7  &RRy' ∑j irBM #QmM/`v 7Q` 6** +`vbiHbX
3e
9XRXk :`BM #QmM/`B2b b #``B2`b iQ /BbHQ+iBQM KQiBQM
h?2 #BHBiv Q7 ;`BM #QmM/`B2b iQ bi`2M;i?2M Ki2`BHb #v +iBM; b #``B2`b
iQ /BbHQ+iBQM KQiBQM ?b HQM; #22M FMQrM (Rj)X q?2M i?2 ;`BM bBx2 Bb
`2/m+2/- i?2 vB2H/ bi`2bb- ~Qr bi`2bb M/ ?`/M2bb Q7 K2iHb M/ HHQvb mbmHHv
BM+`2b2bX >HH M/ S2i+? 7QmM/ i?i i?2 vB2H/ bi`2bb- σy- Q7 TQHv+`vbiHHBM2
α@B`QM Bb p`B2b ++Q`/BM; iQ i?2 `2HiBQM (Rj) (jd)@ (j3),
σy = σo + kd
− 12 U9XRV
r?2`2 / Bb i?2 ;`BM bBx2X h?2 BM+`2b2 BM vB2H/ bi`2M;i? `Bb2b 7`QK /BbHQ+@
iBQM TBH2@mT i i?2 #QmM/`v (Rj)X h?Bb bm;;2bib i?i MMQ+`vbiHHBM2 K2iHb
b?QmH/ #2 Ki2`BHb rBi? ?B;? ?`/M2bb (jd)X h?2`2 Bb  HBKBi- ?Qr2p2`- iQ
?Qr bKHH i?2b2 ;`BMb +M #2X .2+`2b2/ ?`/M2bb ?b #22M Q#b2`p2/ QM
MMQbi`m+im`2b rBi? ;`BM bBx2 H2bb i?M Ry MK (R9) (Re) (jd)@ (jN)X A7- ?Qr2p2`-
irBM #QmM/`B2b `2 +`2i2/ BM i?2 ;`BMb- Bi Bb TQbbB#H2 iQ +`2i2 2p2M ?`/2`
Ki2`BHbX AM Tm`2 *m rBi? M ?B;? +QM+2Mi`iBQM Q7 irBM #QmM/`B2b BM i?2
MQ`KH ;`BMb- i?2 vB2H/ bi`2M;i? ?b #22M 7QmM/ iQ `2+? 7Qm` iBK2b Bib pHm2
rBi?Qmi irBMbX aBM+2 irBM #QmM/`B2b #HQ+F i?2 KQiBQM Q7 /BbHQ+iBQMb- i?2B`
bT+BM; Kmbi #2 +QMbB/2`2/ b r2HH BM i?2 >HH@S2i+? `2HiBQMb?BT (j3)@ (9y)X
9XRXj *`vbiHHQ;`T?v Q7 irBM@/BbHQ+iBQM BMi2`+iBQMb BM 6**
q?2M /BbHQ+iBQMb TBH2@mT M2ti iQ  irBM #QmM/`v- i?2B` +QK#BM2/ bi`2bb
}2H/ ?2HTb iQ T`2bb QM2 Q`  72r /BbHQ+iBQMb BMiQ M/ i?`Qm;? i?2 #QmM/`vX
aQK2iBK2b i?2 /BbHQ+iBQMb /BbbQ+Bi2 BMiQ irQ /BbHQ+iBQMb- r?2`2 QM2 bivb
i i?2 #QmM/`v M/ i?2 Qi?2` QM2 ;Q2b i?`Qm;?X h?2 +`vbiHHQ;`T?v Q7
i?2b2 BMi2`+iBQMb Bb T`2b2Mi2/ #2HQrX (Rj) (R9) (Re) (9R) (jN)
3d
9XRXjXR .BbHQ+iBQM BMi2`+iBQM rBi?  irBM #QmM/`v BM 6**
AM 6** +`vbiHb- i?2 bHBT M/ i?2 +Q?2`2Mi irBMMBM; THM2b `2 &RRR'X  bHBT
M/  irBMMBM; THM2 K22i i  I11¯0 =X 6Q` M U1¯11V bHBT THM2 rBi? HiiB+2
T`K2i2` a- i?2 TQbbB#H2 "m`;2`b p2+iQ`b 7Q` T2`72+i /BbHQ+iBQMb `2 (9k),
±12a[011¯] UT`HH2H iQ i?2 bHBT M/ irBM THM2 BMi2`b2+iBQM V- ±12a[110] UrBi?
M M;H2 Q7 pifj iQ i?2 bHBT M/ irBM THM2 BMi2`b2+iBQMV- M/ ±12a[101] UrBi?
M M;H2 Q7 pifj iQ i?2 bHBT M/ irBM THM2 BMi2`b2+iBQMVX
q?2M  /BbbQ+Bi2/ /BbHQ+iBQM ;HB/2b BMiQ  +Q?2`2Mi irBM &RRR'
#QmM/`v- irQ `2+iBQMb +M Q++m`X  +`Qbb@bHBT- r?B+? i`Mb7Q`Kb i?2
BM+QKBM; /BbbQ+Bi2/ /BbHQ+iBQM BMiQ  /BbbQ+Bi2/ /BbHQ+iBQM BM i?2 irBM
THM2- +M ?TT2M B7 i?2 BM+B/2Mi "m`;2`b p2+iQ` Bb T`HH2H iQ i?2 irBMX
"m`;2`b p2+iQ`b MQi T`HH2H iQ i?2 irBM THM2 +M +`2i2 M mMirBMMBM;
BMi2`+iBQM Q`  +HBK# BM i?2 irBM #QmM/`v (9j)X h?2 }`bi "m`;2`b p2+@
iQ` HBbi2/ #Qp2 Bb T`HH2H rBi? i?2 bHBT THM2@irBM #QmM/`v BMi2`b2+iBQM
M/ i?2`27Q`2 #2+QK2b  /BbHQ+iBQM BM i?2 irBM THM2 UBM/B+i2/ rBi?  T
#2HQrV (9k),
1
2
a[011¯]→ 1
2
a[01¯1]T U9XkV
h?2 Qi?2` irQ- ±12a[110],±12a[101]- Kmbi mM/2`;Q /BbbQ+BiBQM `2+@
iBQMb r?2`2 2+? /BbHQ+iBQM +`2i2b QM2 bHBT /BbHQ+iBQM BM i?2 irBM THM2
M/  T`iBH /BbHQ+iBQM i i?2 BMi2`7+2X h?2`2 `2 irQ TQbbB#BHBiB2b 7Q` 2+?
+b2X 6Q` 2tKTH2 i?2 12 (RRy) +M /BbbQ+Bi2 b (9k),
1
2
a[110]→ 1
2
a[110]T + 2× 16a[112¯] U9XjV
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12
a[110]→ 1
2
a[101]T +
1
6
a[21¯1¯] U9X9V
h?2b2 `2+iBQMb `2 2bBHv +?2+F2/ QM  h?QKTbQM i2i`?2/`QM (9k) (99)X
AM Qm` +QHHQB/H +`vbiHb- i?2 KQbi +QKKQM /BbHQ+iBQM #v BMi`Q/m+2/
bi`BM Bb MQi  7mHH /BbHQ+iBQM #mi  a?Q+FH2v T`iBHX AM M iQKB+ +`vbiH-
irQ a?Q+FH2v T`iBHb #QmM/  bi+FBM; 7mHi M/ KBMBKBx2 Bib bBx2X AM i?2
?`/@bT?2`2 +QHHQB/H +`vbiH- bi+FBM; 7mHib ?p2 x2`Q 2M2`;v M/ i?2`27Q`2
i?2 `2TmHbBQM #2ir22M i?2 T`iBH /BbHQ+iBQM KF2b i?2K 2ti2M/ HH i?2 rv
i?`Qm;? i?2 +`vbiHX 6Q` KQ`2 /2iBHb- b22 a2+iBQM 9XRX8
9XRX9 aBKmHiBQMb M/ 1`HB2` 1tT2`BK2Mib
AM  bBKmHiBQM #v w?M; 2i HX (R9)-  T2`72+i /BbHQ+iBQM rBi? #412 (RyR) bBi@
mi2/ M2ti iQ  Σ j URRRV irBM #QmM/`v BM M 6** +`vbiH rb T`QT;i2/
i?`Qm;? i?2 #QmM/`v pB ;HB/2X  T`iBH a?Q+FH2v /BbHQ+iBQM rBi? 16 [1¯1¯2¯]
`2KBM2/ BM i?2 #QmM/`v b i?2 T2`72+i /BbHQ+iBQM KQp2/ i?`Qm;?- H2p@
BM;  bi2T BM i?2 #QmM/`v (R9) (R8)X hrBM #QmM/`B2b +QMiBMBM; a?Q+FH2v
T`iBH /BbHQ+iBQMb rBi?  "m`;2`b p2+iQ` Q7 16a[1¯1¯2]- ?p2 #22M 7QmM/ 2tT2`@
BK2MiHHv 7QHHQrBM; i2MbBH2 i2biBM; Q7 6** Ki2`BHb (9R)X q?2M i?2 irBMb `2
7` T`i i?2 /BbHQ+iBQMb TBH2@mT M2ti iQ i?2 #QmM/`vX h?2 bi`2bb +QM+2M@
i`iBQM 7`QK i?i TBH2@mT HHQrb /BbHQ+iBQMb iQ bHBT i?`Qm;? i?2 #QmM/`vX
 MMQK2i2` b+H2 bT+BM; Bb M2+2bb`v iQ Q#iBM ?B;? ?`/M2bb (R9)X h?2
b?Q`i2` i?2 bT+BM; #2ir22M i?2 irBM #QmM/`B2b- i?2 ?B;?2` i?2 2ti2`MH
bi`2bb `2[mB`2/ 7Q` i?2 /BbHQ+iBQM iQ +`Qbb i?2 irBM #QmM/`v- bBM+2 72r2`
/BbHQ+iBQMb +M TBH2@mT i QM2 #QmM/`vX A7 i?2 bT+BM; Bb bQ bKHH i?i MQ
/BbHQ+iBQMb +M TBH2@mT-  /BbHQ+iBQM +M biBHH T2M2i`i2 i?2 irBM #QmM/`v-
#mi  p2`v ?B;? bi`2bb Bb `2[mB`2/ (9R)X
3N
9XRX8 .BbHQ+iBQMb BM *QHHQB/H *`vbiHb
.BbHQ+iBQMb BM +QHHQB/H +`vbiHb +M #2 BMi`Q/m+2/ #v 2Bi?2` /27Q`KBM; i?2
+`vbiH UBX2X #v BM/2MiiBQMV (e)- #v BMi`Q/m+BM;  bi`BM BM i?2 i2KTHi2
U#v Tii2`MBM; i?2 ?QH2b i /BbiM+2 /Bz2`2Mi 7`QK i?2 B/2H QM2 7Q`  ;Bp2M
+`vbiH ?2B;?iV- Q` #v ;`QrBM;  +`vbiH i?B+F2` i?M i?2 +`BiB+H i?B+FM2bb
7Q`  ;Bp2M i2KTHi2 (9)X h?2 rQ`F BM i?Bb +?Ti2` ?b +QM+2Mi`i2/ QM i?2
i?B`/ TT`Q+?X
AM Q`/2` iQ mM/2`biM/ i?2 /BbHQ+iBQM #2?pBQ` BM  bi`BM2/ +`vbiH-
r2 M22/ iQ FMQr i?2 2HbiB+ +QMbiMib Q7 +QHHQB/H +`vbiHbX h?2 /Bb+mbbBQM
#2HQr 7QHHQrb i?2 TT`Q+? /2b+`B#2/ BM a+?HH M/ aT2T2MǶb `2pB2r (R3),
9XRX8XR 1HbiB+ #2?pBQ` Q7 +QHHQB/H +`vbiHb
*QHHQB/H +`vbiHb ?p2 bKHH 2HbiB+ KQ/mHBX h?2 2[miBQM Q7 bii2 Bb,
pV = Z(V )kBT U9X8V
h?2 #mHF KQ/mHmb /2}M2/ b,
K = −V dp
dV
U9XeV
r?B+? 7Q` i?2 #Qp2 2[miBQM Q7 bii2 Bb,
K =
ZkBT
V
(1− V
Z
δZ
δV
) U9XdV
6Q` Qm` +`vbiHb- E Bb R@Ry S (Rd)X
h?2 b?2` KQ/mHmb- µ- +M #2 7QmM/ #v iFBM; i?2 b2+QM/ /2`BpiBp2 Q7
i?2 >2HK?QHix 7`22 2M2`;v /2MbBiv- >2HK?QHix 7`22 2M2`;v Qp2` pQHmK2- rBi?
Ny
`2bT2+i iQ i?2 b?2` bi`BM- γ,
µ =
1
V
δ2F
δγ2
U9X3V
aBM+2 i?2 QMHv BMi2`MH 2M2`;v iQ +QMbB/2` i?i /Q2b MQi /2T2M/ QM γ Bb i?2
i?2`KH 2M2`;v- Uthermal- r2 ;2i,
µ = −T
V
δ2S
δγ2
U9XNV
AM ?`/@bT?2`2 +QHHQB/H +`vbiHb mM/2` Qm` +QM/BiBQMb µ ?b #22M +QKTmi2/
iQ #2 8Xy S 7Q` i?2 T`HH2H b?2` M/ yX3 S 7Q` i?2 b?2` i 98o (jj)- r?B+?
Bb bm`T`BbBM;Hv MBbQi`QTB+X
9XRX8Xk *`BiB+H i?B+FM2bb Q7  bi`BM2/ +QHHQB/H +`vbiH
"v BMi`Q/m+BM; bi`BM BMiQ i?2 i2KTHi2- +Q?2`2M+v UQ` KBb}iV /BbHQ+iBQMb
Kv TT2` iQ `2HB2p2 i?2 bi`BM #v +`2iBQM Q7 a?Q+FH2v T`iBH /BbHQ+iBQMb
rBi? "m`;2`b p2+iQ`b #4a6IRRk=X PMHv i?2 +QKTQM2Mi T`HH2H iQ i?2 i2K@
THi2 `2HB2p2b bi`BM- bQ i?i i?2 2z2+iBp2 "m`;2`b p2+iQ` #2+QK2b #+Qb(α)-
r?2`2 α Bb i?2 M;H2 #2ir22M i?2 THM2 M/ i?2 p2+iQ`X
h?2 ;`QrBM; +`vbiH M22/b iQ `2+?  +`BiB+H i?B+FM2bb 7Q` KBb}i /Bb@
HQ+iBQMb iQ #2 7Q`K2/X h?2 bi`BM `2HB2p2/ #v /BbHQ+iBQMb bT+2/ G T`i
Bb,
ε =
bcos(α)
L
U9XRyV
A7 i?2 +`vbiH ?b  uQmM; KQ/mHmb 1 M/ ?2B;?i ?- i?2 2HbiB+ 2M2`;v
T2` mMBi `2 Bb,
NR
Uelastic =
1
2
Eε2elastich U9XRRV
r?2`2 i?2 2HbiB+ bi`BM- εelastic- Bb i?2 /Bz2`2M+2 #2ir22M i?2 BMBiBH bi`BM-
ε0- M/ i?2 bi`BM `2HB27 T`QpB/2/ #v i?2 /BbHQ+iBQMb- ε,
εelastic = ε0 − ε U9XRkV
lbBM; 2[miBQM 9XRR M/ 9XRk- Uelastic #2+QK2b,
Uelastic =
1
2
E(ε0 − bcos(α)
L
)2h U9XRjV
h?2 2M2`;v T2` mMBi `2 Q7 i?2 /BbHQ+iBQMb Bb,
Udislocation =
1
L
µb2
4pi(1− ν) ln
R
ro
U9XR9V
>2`2- ν Bb SQBbbQMǶb `iBQ- +QKTmi2/ iQ #2 yXjd mM/2` Qm` +QM/BiBQMb (jj)- _
Bb i?2 /BbiM+2 rv 7`QK i?2 /BbHQ+iBQM i r?B+? i?2 +`vbiH biBHH 722Hb Bib
bi`BMX AM i?Bb +b2- _ Bb i?2 ?2B;?i Q7 i?2 +`vbiH- ?X ro Bb i?2 2z2+iBp2 +Q`2
`/Bmb 2[mH iQ #f9 (Rj)X "v KBMBKBxBM; i?2 iQiH 2M2`;v rBi? `2bT2+i iQ i?2
/BbHQ+iBQM bT+BM;- r2 Q#iBM,
1
L
=
ε0
bcos(α)
− 1
4pi(1− ν)
µ
E
1
cos2(α)
1
h
ln
4h
b
U9XR8V
i i?2 +`BiB+H i?B+FM2bb- hc- i?2 /BbHQ+iBQM bT+BM; Bb BM}MBi2X h?Bb
;Bp2b,
hc =
1
4pi(1− ν)
µ
E
1
ε0
b
cos(α)
ln
4hc
b
U9XReV
6Q` M BbQi`QTB+ K2/BmK- uQmM; KQ/mHmb- i?2 b?2` KQ/mHmb- M/
Nk
SQBbbQMǶb `iBQ `2 `2Hi2/,
E
µ
= 2(1 + ν) U9XRdV
h?Bb Bb  bBKTHB}2/ p2`bBQMX C2Mb2M 2i HX (Rd) ?p2 BM+Q`TQ`i2/ i?2
/2T2M/2M+2 Q7 i?2 #mHF M/ b?2` KQ/mHB QM i?2 +QKT`2bbB#BHBiv 7+iQ`- Z-
r?B+? 7m`i?2` /2T2M/b QM i?2 pQHmK2 7`+iBQM- r?B+? p`B2b rBi? +`vbiH
/2Ti? /m2 iQ i?2 T`2bbm`2 ?2/ (k9)X
9XRX8Xj P77b2i /BbiM+2 7`QK i2KTHi2
PM+2 i?2 /BbHQ+iBQMb ?p2 Mm+H2i2/- i?2v KQp2 iQ `2HB2p2 b Km+? bi`BM
2M2`;v b TQbbB#H2X >Qr2p2`- bBM+2 i?2`2 Bb  #QmM/`v +QM/BiBQM Q7 x2`Q
/BbTH+2K2Mi i i?2 i2KTHi2- i?2 /BbHQ+iBQM KQiBQM Kmbi biQT  72r KB@
+`QK2i2`b #Qp2 i?2 ;Hbb bHB/2X h?Bb Qzb2i /BbiM+2- zo- +M #2 +H+mHi2/
#v +QMbB/2`BM; i?2 2HbiB+ 2M2`;v T2` mMBi `2X h?2 2M2`;v #2HQr i?2 /BbHQ@
+iBQMb i ?2B;?i x Bb ;Bp2M #vX
Uelastic =
1
2
Eε20z U9XR3V
h?2 7Q`+2 +iBM; iQ TmHH i?2 /BbHQ+iBQM iQr`/b i?2 i2KTHi2- r?2M
i?2 /BbHQ+iBQMb `2 b2T`i2/ G T`i- Bb i?2 p2`iB+H ;`/B2Mi Q7 Uelastic,
Felastic =
1
2
LEε20 U9XRNV
h?2 x2`Q@/BbTH+2K2Mi #QmM/`v +QM/BiBQM Bb TTHB2/ #v TH+BM; M BK;2
/BbHQ+iBQM i  /BbiM+2 x #2HQr i?2 i2KTHi2- r?B+? `2T2Hb i?2 `2H /BbHQ+@
iBQMX h?2 p2`iB+H `2TmHbBp2 7Q`+2 #2ir22M i?2 BK;2 M/ i?2 `2H /BbHQ+iBQM
Bb,
Nj
Frepel =
µ(bcos(α))2
4pi(1− ν)z U9XkyV
h?2 Qzb2i /BbiM+2 zo Bb 7QmM/ #v #HM+BM; i?2 7Q`+2b M/ bQHpBM; 7Q`
x,
zo =
(bcos(α))2
2pi(1− ν)Lε20
µ
E
U9XkRV
h?Bb T`2/B+ib M Qzb2i /BbiM+2 Q7 QM2 Q` irQ +`vbiH THM2b- BM ++Q`/M+2
rBi? Q#b2`piBQM (9)X
9Xk 1tT2`BK2Mib
9XkXR *`vbiH ;`Qri?
h?2 +QHHQB/H bmbT2MbBQM rb T`2T`2/ b /2b+`B#2/ BM *?Ti2` kX h?2 bKTH2
+2HH rb }HH2/ ?H7rv M/ i?2 +`vbiH rb H27i iQ ;`Qr Qp2`MB;?iX h?2M
i?2 bKTH2 +2HH rb }HH2/ iQ i?2 iQT M/ i i?2 bK2 iBK2 TH+2/ QM 
KB+`Qb+QT2 iQ #2 b+MM2/ /m`BM; ;`Qri? 2p2`v R8 KBM 7Q` RdX8 ?Qm`bX  ;`B/
rb KQmMi2/ 8y µm Qp2` i?2 i2KTHi2 bQ i?i  b?2`BM; 2tT2`BK2Mi +QmH/
#2 T2`7Q`K2/ 7i2` RdX8 ?Qm`bX >Qr2p2`- i?2 2p2Mi T`2b2Mi2/ BM i?Bb +?Ti2`
Q++m``2/ #27Q`2 b?2`BM; bi`i2/ /m2 iQ 9X8W bi`BM pB  KBb}i i2KTHi2X 6Q`
i?2 KQmMi Q7 +QHHQB/b BM Qm` bKTH2- M/ i?2 pQHmK2 7`+iBQM- i?2 2tT2+i2/
?2B;?i +M #2 Q#iBM2/ 7`QK 1[miBQM kXRe b dR µK- r?B+? Ki+?2/ i?2
2tT2`BK2MiH pHm2 U6B;m`2 9XjVX
h?2 +QHQ` b+?2K2 BM 6B;m`2 9Xj BM/B+i2b i?2 Q`/2` T`K2i2` Q7 2+?
T`iB+H2- #b2/ QM i?2 M2`2bi M2B;?#Q` ``M;2K2Mi- b /2b+`B#2/ #v _K@
bi2BM2` 2i HX (98)X qBi? M2`2bi M2B;?#Q`b /2}M2/ rBi?BM /BbiM+2 1.025a-
N9
6B;m`2 9Xk, SQbBiBQM Q7 M  Hv2`- " Hv2`- M/ * Hv2` /`rM HQM; rBi? i?2
IRRy= M/ i?2 16a < 112¯ > /B`2+iBQMX h?2 `2/ ``Qr BM/B+i2b  → " → *X
6B;m`2 9Xj, *`vbiH ;`Qri? p2`bmb iBK2 7i2` yKBM- jRd KBM- ey9 KBM- M/ 3Nj KBMX
h?2 +QHQ` b+?2K2 BM/B+i2b i?2 Q`/2` T`K2i2` Q7 2+? +QHHQB/X  +QHHQB/ rBi? M Q`/2`
T`K2i2` Q7 ky Q` #Qp2 Bb +QMbB/2`2/ +`vbiHHBM2X
N8
r?2`2 a Bb i?2 i2KTHi2 HiiB+2 T`K2i2` UkXjR µKV-  T`iB+H2 Bb +QMbB/2`2/
iQ #2 +`vbiHHBM2 B7 Bi ?b M Q`/2` T`K2i2` Q7 ky Q` H`;2`X AM Q`/2` iQ
Q#iBM i?2 ;`Qri? `i2 Q7 i?2 +`vbiH- b?QrM BM 6B;m`2 9X8- i?2 MmK#2` Q7
T`iB+H2b rBi? Q`/2` T`K2i2` 2[mH iQ ky Q` #Qp2 r2`2 +QmMi2/X h?i
MmK#2` rb /BpB/2/ #v i?2 MmK#2` Q7 +QHHQB/b i?i rQmH/ B/2HHv KF2 mT
QM2 Hv2`X 1+? Hv2` Bb  &RRy' THM2 rBi? HiiB+2 T`K2i2` a- H2pBM; M
`2 T2` T`iB+H2- Aparticle,
Aparticle =
a2√
2
U9XkkV
6`QK i?2 `/BH /Bbi`B#miBQM- 6B;m`2 9X9- i?2 HiiB+2 T`K2i2` Bb kXjy µKX
h?2 MmK#2` Q7 T`iB+H2b BM  Hv2` Bb bBKTHv i?2 `2 Q7  b[m`2 rBi? H2M;i?
G /BpB/2/ #v AparticleX
Nlayer =
Atotal
Aparticle
=
√
2L2
a2
U9XkjV
1t+Hm/BM; i?2 2/;2b Q7 i?2 Hv2`b UbBM+2 7Q` i?2b2 MQ Q`/2` T`K2i2`b
+M #2 /2}M2/V- #v +?QQbBM; G iQ #2 38 µK- Nlayer rb RN9dX >Qr2p2`-
2+? Hv2` ?b bQK2 T`iB+H2b rBi? MQM@+`vbiHHBM2 +QQ`/BMiBQM- b b?QrM BM
6B;m`2 9XjX h?2 7`+iBQM Q7 MQM@+`vbiHHBM2 T`iB+H2b BM i?2 }`bi ky µK Q7
i?2 +`vbiH ?2B;?i Bb QM p2`;2 RyWX h?Bb M22/b iQ #2 iF2M BMiQ ++QmMi B7
i?2 `B;?i +`vbiH ;`Qri? `i2 Bb iQ #2 7QmM/X h?2 `2bmHi Bb b?QrM BM 6B;m`2
9X8X q2 +M b22  +QMbiMi ;`Qri? `i2 7Q` i?2 }`bi Nyy KBM- r?2`27i2` i?2
;`Qri? H2p2Hb Qz /m2 iQ H+F Q7 +QHHQB/b BM i?2 ~mB/ #Qp2X
 HBM2` HBM2 Q7 #2bi }i +M #2 T2`7Q`K2/ QM i?2 }`bi Nyy KBM /i BM
6B;m`2 9X8X  72r Hv2`b M22/b iQ #2 //2/ bBM+2 i?2 #QiiQK Hv2`b /Q MQi
Ne
6B;m`2 9X9, SB` /Bbi`B#miBQM Q7 i?2 +`vbiHX h?2 M2`2bi M2B;?#Q` T2F Bb HQ+i2/ i
RXek µK- M/ i?2 b2+QM/ M2`2bi M2B;?#Q` /BbiM+2 Ui?2 HiiB+2 T`K2i2` aV Bb HQ+i2/
i kXjy µKX
Nd
6B;m`2 9X8, LmK#2` Q7 +`vbiH Hv2`b pbX iBK2X h?2 +`vbiH ;`Qri? `i2 Bb +QMbiMi
7Q` i?2 }`bi Nyy KBMX
N3
b?Qr M Q`/2` T`K2i2` Q7 ky Q` #Qp2- 2p2M i?Qm;? i?2v `2 +`vbiHHBM2
UM `iB7+i /m2 iQ i?2 2/;2 2z2+i Q7 KBbbBM; M2B;?#Q`bVX h?2 `2bmHi Bb,
h(Number of layers) = 0.022t+ 28.38 (0 ≤ t ≤ 900min) U9Xk9V
P`- bBM+2 i?2 i?B+FM2bb Q7 QM2 Hv2`- tlayer- Bb a2√24 yX3k µK,
h(µm) = 0.018t+ 23 (0 ≤ t ≤ 900min) U9Xk8V
h?2 2tT2+i2/ ;`Qri? `i2 +M #2 +H+mHi2/ #v +QMbB/2`BM; i?2 ~mt- J - i?2
b2iiHBM; p2HQ+Biv- vsettling- iBK2b i?2 MmK#2` /2MbBiv Q7 +QHHQB/b BM i?2 bQHmiBQM-
nColloidsInSolution,
J = vsettlingnColloidsInSolution U9XkeV
h?2 iQiH KQmMi Q7 T`iB+H2b T2` iBK2- Γ- Bb i?2 ~mt KmHiBTHB2/ #v i?2 +`Qbb
b2+iBQMH `2- ACrossSection,
Γ = J A = vsettlingnColloidsInSolutionACrossSection U9XkdV
AM Q`/2` iQ }M/ i?2 MmK#2` /2MbBiv Q7 +QHHQB/b BM Qm` bQHmiBQM- nColloidsInSolution-
r2 M22/ i?2 /2MbBiv Q7 bBHB+ BM i?2 `r biQ+F- ρSilicaInRawStock- M/ i?2 Kbb
Q7  +QHHQB/- mcolloid- 7`QK *?Ti2` k M/ i?2 7`+iBQM Q7 `r biQ+F mb2/-
fRawStockX
nColloidsInSolution =
ρSilicaInRawStock
mcolloid
fRawStock U9Xk3V
.BpB/BM; i?2 Γ #v i?2 MmK#2` Q7 T`iB+H2b T2` Hv2`- Nlayer = ACrossSectionAparticle =
ACrossSection√
2a2
r2 ;2i i?2 MmK#2` Q7 Hv2` T2` iBK2X 6m`i?2`- KmHiBTHvBM; i?Bb
rBi? i?2 i?B+FM2bb T2` Hv2`- tlayer- r2 ;2i i?2 `i2 i r?B+? i?2 +`vbiH
NN
b?QmH/ ;`Qr- hTheory,
hTheory =
Γ
Nlayer
tlayer =
vsettlingρSilicaInRawStockfRawStockAparticle tlayer
mcolloid
U9XkNV
6`QK *?Ti2` k r2 +M }M/ ρSilicaInRawStock- vsettling- M/ mcolloidX Aparticle
M/ tlayer `2 #Qi? ;Bp2M #Qp2X qBi?  fRawStock Q7 yXy3d r2 Q#iBM i?i
i?2 +`vbiH ;`Qrb i  bT22/ Q7 yXR8 µKfKBM- #Qmi M Q`/2` Q7 K;MBim/2
7bi2` i?M Qm` 2tT2`BK2Mi b?QrbX PM2 `2bQM 7Q` i?2 /Bz2`2M+2 +QmH/ #2
i?2 T`2b2M+2 Q7  ;`B/ +Qp2`BM; i?2 iQTX aQK2 T`iB+H2b b2iiH2 QM iQT Q7 i?2
;`B/- b b?QrM BM 6B;m`2 9Xj- #mi KQ`2 BKTQ`iMiHv- /m2 iQ i?2 ;`B/ ?QH/2`-
i?2 /2MbBiv Q7 +QHHQB/b b2iiHBM; BM i?2 HB[mB/- ρColloidsInSolution- /B`2+iHv #Qp2
i?2 ;`B/ rBHH #2 H2bb i?M i?i Q7 i?2 bmbT2MbBQM b  r?QH2X
9XkXk .2i2`KBMiBQM Q7 .BbHQ+iBQMb- ai+FBM; 7mHib- M/ hrBM
"QmM/`B2b
h?2 /BbHQ+iBQMb M/ bi+FBM; 7mHib BM Qm` bKTH2 r2`2 B/2MiB}2/ #v i?2
K2i?Q/ Q7 a+?HH 2i HX (e)X 1p2`v T`iB+H2 rBi? ir2Hp2 M2`2bi M2B;?#Q`b
r?2`2 HH QTTQbBi2 TB` M2B;?#Q`b KF2 M M;H2 +HQb2 iQ R3yo `2 +QmMi2/
b T2`72+i 6**X A7 i?2 T`iB+H2 ?b i?`22 QTTQbBi2 TB` M2`2bi M2B;?#Q`b
rBi? M;H2b M2` R3yo #mi HbQ i?`22 rBi? M;H2b H2bb i?M R88o- Bib HQ+H
+QQ`/BMiBQM Bb i?i Q7 >*S M/ Bib T`2b2M+2 BM/B+i2b  bi+FBM; 7mHi Q`
irBM #QmM/`v- b /Bb+mbb2/ BM a2+iBQM 9XRXRX  T`iB+H2 i?i /Q2b MQi K22i
2Bi?2` i?2 >*S Q` 6** +QM/BiBQMb- rBi? M;H2b #2ir22M R88@Reyo- Q7i2M HB2b
BM  /BbHQ+iBQM +Q`2X
Ryy
9XkXj P#b2`piBQM Q7 i?2 BMi2`+iBQM #2ir22M  bi+FBM; 7mHi
M/  irBM
6B;m`2 9Xe /2TB+ib i?2 /2p2HQTK2Mi Q7  bi+FBM; 7mHi U`2/ T`iB+H2bV b
Bi TT`Q+?2b M/ i`p2`b2b i?2 irBM #QmM/`vX h?2 bi+FBM; 7mHib `2
#QmM/2/ #v i?2 /BbHQ+iBQMb Uv2HHQr T`iB+H2bV i?i /`Bp2 i?2 KQiBQMX h?2
6**@+QQ`/BMi2/ T`iB+H2b ?p2 #22M iF2M Qmi 7Q` M 2bB2` pBbmHBxiBQMX
h?2 #QmM/`v ?Hib i?2 KQiBQM Q7 i?2 /BbHQ+iBQM 7Q` bQK2 iBK2X q?2M
i?2 /BbHQ+iBQM /Q2b ;Q i?`Qm;?- MQi?2` /BbHQ+iBQM KQp2b #+Fr`/b- r?B+?
+M #2 b22M 7`QK i?2 #QiiQK Q7 i?2 bi+FBM; 7mHi- b b?QrM BM 6B;m`2 9XdX
h?Bb /BbHQ+iBQM +`2i2b  irBM THM2 #2ir22M i?2 irQ bi+FBM; 7mHibX
6B;m`2 9X3 b?Qrb  +`Qbb@b2+iBQM pB2r T2`T2M/B+mH` iQ i?2 irBM #QmM/@
`v rBi? i?2 6**@+QQ`/BMi2/ T`iB+H2b b?QrMX h?2 7Q`KiBQM Q7 i?2 M2r
irBM THM2 Bb +H2`Hv pBbB#H2X q2 +M HbQ b22  b?B7i BM i?2 TQbBiBQM Q7 i?2
#QmM/`v- BM/B+iBM; i?i i?2 2p2Mi H27i #2?BM/  /BbHQ+iBQM i i?2 #QmM/@
`vX
9XkX9 MHvbBb Q7 i?2 .BbHQ+iBQM @ hrBM AMi2`+iBQM
6B`bi- r2 M22/  +`vbiHHQ;`T?B+ MHvbBb Q7 i?2 +QMb2`piBQM Q7 "m`;2`b
p2+iQ`b i?`Qm;?Qmi i?2 2MiB`2 BMi2`+iBQMX a2+QM/Hv- r2 M22/ iQ mM/2`biM/
r?v i?2 /BbHQ+iBQM bivb  +2`iBM KQmMi Q7 iBK2 i i?2 #QmM/`v M/ r?v
Bi biQTb KQpBM; QM+2 Bi ?b Tbb2/ i?`Qm;?X
9XkX9XR _QiiBQM Q7 +QQ`/BMi2 bvbi2K
AM 6B;m`2 9XN i?2 +`vbiH /B`2+iBQMb 7Q` i?2 H27i@?M/ +`vbiH `2 b?QrMX h?2
mMBi p2+iQ`b Q7 i?2 KB+`Qb+QT2 +QQ`/BMi2b (xˆ, yˆ, zˆ) +Q``2bTQM/ iQ i?2 i?`22
RyR
6B;m`2 9Xe, aMT b?Qib Q7  bi+FBM; 7mHi M/  /BbHQ+iBQM KQpBM; iQr`/b  irBM
#QmM/`v- biQTTBM; i i?2 #QmM/`v- M/ Hi2` TbbBM; i?`Qm;?X h?2 `2/ T`iB+H2b BM/B@
+i2 bi+FBM; 7mHib M/ irBM +QM};m`iBQMb KQM; M2`2bi M2B;?#Q`bX h?2 v2HHQr T`@
iB+H2b BM/B+i2 /BbHQ+iBQMbX S`iB+H2b rBi? T2`72+i 6** +QQ`/BMiBQM ?p2 #22M iF2M
QmiX
Ryk
6B;m`2 9Xd, aK2 2p2Mi b BM i?i b?QrM BM 6B;m`2 9Xe #mi rBi? BK;2b iF2M 7`QK
i?2 #QiiQKX LQi2 i?i r?2M i?2 /BbHQ+iBQM Bb TbbBM; i?`Qm;? i?2 #QmM/`v- MQi?2`
/BbHQ+iBQM Bb `2~2+i2/ #+FX
Ryj
6B;m`2 9X3, aB/2 pB2r Q7  8µK i?B+F +mi i?`Qm;? i?2 bi+FBM; 7mHi THM2X h?2 #Hm2
T`iB+H2b BM/B+i2 T`iB+H2b rBi? 6** +QQ`/BMiBQM- i?2 `2/ T`iB+H2b BM/B+i2 i?2 bi+FBM;
7mHi M/ i?2 irBM #QmM/`vX h?2 v2HHQr T`iB+H2b BM/B+i2 i?2 /BbHQ+iBQMX PM2 +M b22
 bi2T H27i #2?BM/ BM i?2 irBM #QmM/`v r?2M i?2 i`MbKBii2/ M/ `2~2+i2/ /BbHQ+iBQM
?p2 Mm+H2i2/X
Ry9
+`vbiH mMBi p2+iQ`b,
[xˆ00]→ 1√
6
[1¯21¯] U9XjyV
[0yˆ0]→ 1√
3
[1¯1¯1¯] U9XjRV
[00zˆ]→ 1√
2
[1¯01] U9XjkV
h?2b2 mMBi p2+iQ`b `2 i?2M mb2/ iQ +`2i2  `QiiBQM Ki`Bt iQ 2tT`2bb i?2
T`iB+H2 +QQ`/BMi2b BM i?2 +`vbiH +QQ`/BMi2 bvbi2K,
(Ryy) (yRy) (yyR)
(xˆyy) @ 1√
6
2√
6
@ 1√
6
(yyˆy) @ 1√
3
@ 1√
3
@ 1√
3
(yyzˆ) @ 1√
2
y 1√
2
h#H2 9XR, _QiiBQM Ki`Bt 7Q` H27i bB/2 Q7 i?2 +`vbiHX
>2`2- i?2 M2r- /2bB`2/- +QQ`/BMi2b `2 r`Bii2M i i?2 iQT M/ i?2 QH/ 2[mBp@
H2Mi +QQ`/BMi2b BM i?2 KB+`Qb+QT2 +QQ`/BMi2 bvbi2K `2 r`Bii2M QM i?2 H27i
bB/2X h?2 bK2 T`Q+2/m`2 rb T2`7Q`K2/ 7Q` i?2 `B;?i bB/2 U6B;m`2 9XRyV,
[xˆ00]→ 1√
6
[121] U9XjjV
[0yˆ0]→ 1√
3
[1¯11¯] U9Xj9V
[00zˆ]→ 1√
2
[1¯01] U9Xj8V
h?2b2 mMBi p2+iQ`b `2 MQr mb2/ iQ +`2i2 i?2 `B;?i ?M/ bB/2 `QiiBQM Ki`Bt,
6B;m`2 9XRR b?Qrb i?2 irBMM2/ +`vbiH rBi? Bib bi+FBM; 7mHib M/ /BbHQ+@
Ry8
6B;m`2 9XN, *`vbiHHQ;`T?B+ /B`2+iBQMb Q7 i?2 +`vbiH iQ i?2 H27i Q7 i?2 irBM #QmM/@
`vX
Rye
6B;m`2 9XRy, *`vbiHHQ;`T?B+ /B`2+iBQMb Q7 i?2 +`vbiH iQ i?2 `B;?i Q7 i?2 irBM
#QmM/`vX
Ryd
(Ryy) (yRy) (yyR)
(xˆyy) 1√
6
2√
6
1√
6
(yyˆy) @ 1√
3
1√
3
@ 1√
3
(yyzˆ) @ 1√
2
y 1√
2
h#H2 9Xk, _QiiBQM Ki`Bt 7Q` `B;?i bB/2 Q7 i?2 +`vbiHX
iBQMbX
9XkX9Xk .2i2`KBMiBQM Q7 i?2 "m`;2`b p2+iQ`b
6QHHQrBM; `QiiBQM- i?2 "m`;2`b p2+iQ`b r2`2 7QmM/ #v i`+BM; "m`;2`b +B`@
+mBib `QmM/ i?2 BMBiBH M/ }MH bii2b Q7 i?2 T`Q+2bbX 6B;m`2 9XRk b?Qrb i?2
T`Q+2/m`2X  a?Q+FH2v T`iBH /BbHQ+iBQM Bb +QKBM; BM iQr`/b i?2 #QmM/`v
rBi?  "m`;2`b p2+iQ` Q7 a6 [112]X q?2M Bi T2M2i`i2b i?2 #QmM/`v Bi +`2i2b
i?`22 /BbHQ+iBQMb, QM2 i?i ;Q2b i?`Qm;? i?2 #QmM/`v rBi? "m`;2`b p2+iQ`
a
6 [112]- QM2 i?i KQp2b #+F- rBi? "m`;2`b p2+iQ` a6 [112]- M/ QM2 i?i bivb
BM i?2 #QmM/`v rBi? "m`;2`b p2+iQ` b¯tX
*QMb2`piBQM Q7 "m`;2`b p2+iQ` `2[mB`2b,
a
6
[112]LeftCrystalSystem =
a
6
[112]LeftCrystalSystem+
a
6
[112]RightCrystalSystem+b¯t
U9XjeV
>2M+2
b¯t = −a
6
[112]RightCrystalSystem U9XjdV
A7 r2 `Qii2 bt #+F iQ i?2 KB+`Qb+QTB+ +QQ`/BMi2 bvbi2K M/ KmHiBTHv #v
@R- r2 Q#iBM,
b¯t = [0.2556,−0.8944,−0.1278] U9Xj3V
h?Bb "m`;2`b p2+iQ` rb K2bm`2/ BM Qm` 2tT2`BK2Mi BM KmHiBTH2 bi2Tb b
Ry3
6B;m`2 9XRR, h?2 bi+FBM; 7mHib U`2/ T`iB+H2bV- i?2 irBM #QmM/`v U`2/ T`iB+H2bV-
M/ i?2 /BbHQ+iBQMb Uv2HHQr T`iB+H2bV BM i?2 KB+`Qb+QT2 +QQ`/BMi2 bvbi2KX S`iB+H2b
rBi? T2`72+i 6** +QQ`/BMiBQM ?p2 #22M `2KQp2/X
RyN
6B;m`2 9XRk, *QMb2`piBQM Q7 i?2 "m`;2`b p2+iQ`b BM i?2 BMi2`+iBQM #2ir22M  bi+F@
BM; 7mHi M/  irBM #QmM/`vX
RRy
b?QrM BM 6B;m`2 9XRjX 6B`bi i?2 +`vbiH rb `Qii2/ iQ  &Ryy' +`vbiH THM2X
a2+QM/- i?2 irQ 2ti` ?H7 THM2b r2`2 B/2MiB}2/X Ai Bb 2bv iQ b22 ?2`2
i?i i?2 "m`;2`b p2+iQ`b `2 2[mH M/ QTTQbBi2X h?B`/- r2 +M }M/ i?2
"m`;2`b p2+iQ`Ƕb /B`2+iBQM- B/2MiB}2/ rBi? ?2HT Q7  "m`;2`b +B`+mBi- Q7 i?2
i`MbKBii2/ /BbHQ+iBQMX 6Qm`i?- i?2 p2`;2 /B`2+iBQM M/ K;MBim/2 Q7
irQ p2+iQ`b r2`2 7QmM/- r?Qb2 /Bz2`2M+2 Bb i?2 /2bB`2/ "m`;2`b p2+iQ` Q7 i?2
i`MbKBii2/ /BbHQ+iBQMX 6BMHHv- i?2 p2+iQ` rb `Qii2/ #+F iQ KB+`Qb+QTB+
+QQ`/BMi2 bvbi2K M/ i?2 `2bmHi Q7 i?2 p2+iQ` BM i?2 #QmM/`v #2+QK2b,
b¯t,exp = [0.2756,−0.7203,−0.2759] U9XjNV
h?2 K;MBim/2 Q7 i?2 +QKTmi2/ "m`;2`b p2+iQ` Bb yXN9 µK- r?BH2 i?2 2tT2`@
BK2MiH pHm2 Bb yX3R µKX  bKHH T`i Q7 i?Bb /Bz2`2M+2 +M #2 2tTHBM2/
#v i?2 +?M;2 BM M2`2bi M2B;?#Q` /BbiM+2 b r2 KQp2 rv 7`QK i?2 i2K@
THi2X h?2 +QKTmi2/ pHm2 Bb #b2/ QM i?2 bT+BM; BM i?2 i2KTHi2 #mi- r?2M
bi+FBM; 7mHib `2HB2p2 i?Bb bi`BM 2M2`;v- i?2v b?Q`i2M i?2 HiiB+2 T`K2i2`X
aQK2 mM+2`iBMiv HbQ HB2b BM 2+? `QiiBQM T2`7Q`K2/X
9XkX9Xj .BbHQ+iBQM KQiBQM
"v THQiiBM; i?2 MmK#2` Q7 T`iB+H2b BM i?2 bi+FBM; 7mHi #2HQM;BM; iQ i?2
/BbHQ+iBQM p2`bmb iBK2- QM2 +M b22 ?Qr i?2 /BbHQ+iBQM KQp2b 7Q`r`/ BM
bi2Tb- b b?QrM BM 6B;m`2 9XR9- M/ T`2pBQmbHv Q#b2`p2/ BM 6B;m`2b 9Xe- 9Xd-
M/ 9X3X
"Qi? bi2Tb BMpQHp2  #mBH/@mT iBK2 Q7 9X8 ?Qm`b #27Q`2 i?2 /BbHQ+iBQM
KQp2b ;BMX h?2 DmKTb BM bi+FBM; 7mHi T`iB+H2b `2 #Qmi i?2 bK2- jje
RRR
6B;m`2 9XRj, h?2 "m`;2`b p2+iQ` i i?2 #QmM/`v rb 7QmM/ BM 7Qm` bi2Tb, RX _Qii2
i?2 +`vbiH iQ }M/ i?2 T2`T2M/B+mH` &Ryy' THM2 iQ i?2 i2KTHi2X kX A/2MiB7v i?2 irQ
2ti` ?H7 THM2bX h?2B` "m`;2`b p2+iQ`b `2 2[mH M/ QTTQbBi2X jX *`2i2  "m`;2`b +B`@
+mBi M/ B/2MiB7v i?2 /B`2+iBQM Q7 i?2 "m`;2`b p2+iQ` `QmM/ i?2 i`MbKBii2/ /BbHQ+iBQMX
9X 6BM/ i?2 "m`;2`b p2+iQ` #v K2bm`BM; i?2 p2`;2 Q7 i?2 irQ ivT2b Q7 p2+iQ`b BM/B@
+i2/ ;`22M M/ #H+F BM i?2 TB+im`2- bm#i`+i i?2 irQ- M/ `Qii2 i?2 p2+iQ` #+F ;BMX
h?2 "m`;2`b p2+iQ` BM i?2 #QmM/`v rBHH #2 2[mH M/ QTTQbBi2X
RRk
6B;m`2 9XR9, hQT, i?2 MmK#2` Q7 T`iB+H2b BM i?2 bi+FBM; 7mHi #QmM/2/ #v i?2
KQpBM; /BbHQ+iBQM b  7mM+iBQM Q7 iBK2X "QiiQK, i?2 +`vbiH ;`Qri? rBi? i?2 /BbHQ@
+iBQMb KDQ` KQp2K2Mib BM/B+i2/X
RRj
i i?2 }`bi bi2T M/ jdj i i?2 b2+QM/X h?2 #mBH/@mT BM T`iB+H2b Bb HbQ
bBKBH`, R3j M/ R8RX
q?2M i?2 /BbHQ+iBQM T2M2i`i2b i?2 #QmM/`v- Bi H2p2b  bi+FBM;
7mHi #2?BM/ QM QM2 bB/2 UT2M2i`i2/ bi+FBM; 7mHiV M/  irBM THM2 QM
i?2 Qi?2` U`2~2+i2/ bi+FBM; 7mHiVX 6B;m`2 9XR8 b?Qrb i?i- 7QHHQrBM; T2M@
2i`iBQM- i?2 MmK#2` Q7 T`iB+H2b BM i?2 T2M2i`i2/ bi+FBM; 7mHi U#Hm2V Bb
bBKBH` iQ i?2 MmK#2` Q7 T`iB+H2b BM i?2 `2~2+i2/ bi+FBM; 7mHi U`2/VX
q2 rBHH Hi2` /Bb+mbb i?2 bi`BM `2HB2p2/ #v i?2 bi+FBM; 7mHiX 6Q` i?i
MHvbBb r2 M22/ i?2 `2 Q7 i?2 bi+FBM; 7mHibX aBM+2 i?2`2 `2 irQ Hv2`b
BM  bi+FBM; 7mHi i?2 `2 T2` T`iB+H2 BM  bi+FBM; 7mHi Bb ?H7 i?i Q7 
T`iB+H2 BM  &RRR' THM2,
AperParticle =
√
3a2
4
U9X9yV
r?2`2 a Bb i?2 HiiB+2 T`K2i2`X
h?2 H2M;i? i`p2HH2/ #v i?2 bi+FBM; 7mHi Bb +QKT`2/ iQ i?2 H2M;i?
i`p2HH2/ #v i?2 `2~2+i2/ /BbHQ+iBQM- 72im`2/ BM 6B;m`2 9XReX h?2 `2~2+i2/
/BbHQ+iBQM `2+?2b HKQbi irB+2 i?2 /BbiM+2 +QKT`2 iQ i?2 i`MbKBii2/
/BbHQ+iBQMX >Qr2p2`- i?2 `2~2+i2/ bi+FBM;7mHi `2i`+ib bHB;?iHv i i?2 2M/
b i?2 i`MbKBii2/ ;`Qrb 7m`i?2`X h?2 p2HQ+Biv Q7 i?2 /BbHQ+iBQM +M #2
2ti`+i2/ 7`QK i?2 bHQT2b Q7 i?Bb ;`T?X h?2 p2HQ+Biv Bb ?B;? i i?2 #2;BMMBM;-
#Qmi yXjk9 µKfKBM- M/ i?2M Bi H2p2Hb Q7 iQ #2 +HQb2 iQ x2`QX 6Q`  KQ`2
/2iBHb QM i?2 /BbHQ+iBQM p2HQ+Biv- b22 a2+iBQM 9XkXeX h?2 /BbHQ+iBQM /Q2b ;Q
i?`Qm;? i?2 #QmM/`v Dmbi b?Q`iHv 7i2` i?2 +`vbiH ?b biQTT2/ ;`QrBM; b
b22M BM 6B;m`2 9XR9X q?2M i?2`2 Bb MQ KQ`2 bi`BM 2M2`;v H27i iQ `2HB2p2- i?2
RR9
6B;m`2 9XR8, LmK#2` Q7 T`iB+H2b BM i?2 bi+FBM; 7mHi 7QHHQrBM; i?2 /BbHQ+iBQM ;Q@
BM; i?`Qm;? i?2 irBM #QmM/`v U#Hm2V M/ i?2 bi+FBM; 7mHi #2?BM/ i?2 /BbHQ+iBQM i?i
Bb `2~2+i2/ U`2/V
RR8
6B;m`2 9XRe, .BbiM+2 i`p2HH2/ #v i?2 2/;2 Q7 i?2 bi+FBM; 7mHi 7QHHQrBM; i?2 /BbHQ@
+iBQM ;QBM; i?`Qm;? i?2 irBM #QmM/`v U#Hm2V M/ #v i?2 /BbHQ+iBQM i?i ;2ib `2~2+i2/
U`2/V
RRe
/BbHQ+iBQM biQTbX
9XkX8 ai`BM _2HB2p2/
h?2 /BbHQ+iBQM rBHH i`p2H BM i?2 +`vbiH mMiBH Bb `2HB2p2b b Km+? bi`BM
2M2`;v b TQbbB#H2X h?2 KQmMi Q7 bi`BM `2HB2p2/ #v Qm` /BbHQ+iBQMb +M #2
7QmM/ #v +QMbB/2`BM; i?2 `2 i?2v br22Tb QmiX AM `272`2M+2 iQ 6B;m`2 9XRd-
i?2 bi`BM `2HB2p2/ #v i?2 2ti` ?H7 THM2 Q7 rB/i? L2 M/ "m`;2`b p2+iQ`-
#- BM  #Qt Q7 H2M;i? L1 Bb,
∆ε =
b
L1
U9X9RV
JQ`2 ;2M2`HHv- B7 i?2 /BbHQ+iBQM ?b  B``2;mH` b?T2- +Q``2bTQM/BM; iQ 
?H7 THM2 rBi? `2  b BM 6B;m`2 9XRd- r2 M22/ iQ +QMbB/2` i?2 7`+iBQM
+`vbiH THM2 +Qp2`2/ #v i?2 ?H7 THM2,
∆ε =
b
L1
(
A
hL2
) =
bA
V
U9X9kV
AM i?Bb 2tT2`BK2Mi i?2 bi+FBM; 7mHi Bb +QKBM; BM i M M;H2 /2TB+i2/
BM 6B;m`2 9XRN- 7Q` r?B+? r2 BMi`Q/m+2 i?2 2z2+iBp2 `2- Aeffective- i?2 `2
T2`T2M/B+mH` iQ L1,
Aeffective = Asinα U9X9jV
rBi? α 4j8Xkeo- i?2 M;H2 #2ir22M (RRy) M/ (RRR)X h?2 "m`;2`b p2+iQ`
Bb HbQ i M M;H2 M/ QMHv i?2 +QKTQM2Mi BM i?2 L1 /B`2+iBQM b?QmH/ #2
+QMbB/2`2/,
b¯effective = b¯cosα U9X99V
RRd
6B;m`2 9XRd, S`K2i2`b 7Q` i?2 bi`BM `2HB2p2/ #v M 2/;2 /BbHQ+iBQM BM j.
RR3
6B;m`2 9XR3, .BbHQ+iBQM rBi? M B``2;mH` ?H7 THM2 rBi? `2 X
RRN
6B;m`2 9XRN, 1/;2 /BbHQ+iBQM rBi?  ;2M2`H ?H7 THM2 +QK2b BM i M M;H2 α iQ
i?2 i2KTHi2X
Rky
h?2`27Q`2 r2 ;2i,
∆ε =
bcosαAsinα
V
U9X98V
aBM+2 i?2 pQHmK2- o- /2T2M/b QM i?2 ?2B;?i- r?B+? BM im`M /2T2M/b QM
iBK2- b i?2 +`vbiH ;`Qrb /m`BM; i?2 2tT2`BK2Mi- 1[miBQM 9Xk8 M22/b iQ #2
TTHB2/X h?2 bi`BM `2HB2p2/ #v i?2 /BbHQ+iBQM Bb b?QrM BM 6B;m`2 9Xky
h?2 /BbHQ+iBQM `2HB2p2b ∼ 8.3×10−4 Q7 bi`BM i Bib }`bi KQp2 7Q`r`/X
h?2M Bi `2KBMb BM i?2 bK2 TQbBiBQM mMiBH Bi #mBH/b mT ;BM iQ `2HB2p2
MQi?2` ∼ 9.9× 10−4X b Bi Bb MQr bim+F i i?2 irBM #QmM/`v- KQ`2 bi`BM
2M2`;v M22/b iQ #mBH/ mT #27Q`2 Bi +M T2M2i`i2 i?`Qm;? i?2 #QmM/`vX Ai
}MHHv `2HB2p2b MQi?2` ∼ 4.0 × 10−4X 6B;m`2 9XkR b?Qrb HH i?2 bi+FBM;
7mHibX 1+? bi+FBM; 7mHi ?b #22M +QHQ`2/ iQ #2 2bBHv i`+F2/ i?`Qm;?
i?2 bi`BM `2HB27 T`Q+2bbX 6B;m`2 9Xkk b?Qrb i?2 bi`BM `2HB27 7Q` 2+? bi+FBM;
7mHiX
#Qmi i?2 bK2 iBK2 b i?2 T2M2i`iBM; /BbHQ+iBQM KF2b Bib }`bi
KQp2- MQi?2` /BbHQ+iBQM KF2b  H`;2 +QMi`B#miBQM iQ bi`BM `2HB27- `2HB2pBM;
∼ 6× 10−3 BM b b?Q`i iBK2 b Ryy KBM U#H+FVX MQi?2` /BbHQ+iBQM `2HB2p2b
HKQbi ∼ 2 × 10−3 /m`BM; i?Bb bK2 iBK2X h?Bb +QmH/ #2 i?2 `2bQM r?v
i?2 T2M2i`iBM; /BbHQ+iBQM /Q2b MQi KF2 i?2 DmKT iQr`/b i?2 #QmM/`v
HH i QM+2X AMbi2/- Bi KF2b Bib }`bi BMBiBH DmKT M/ i?2M M22/b iQ rBi
7Q` i?2 +`vbiH iQ #mBH/ mT KQ`2 bi`BMX q?2M Bi }MHHv /Q2b KF2 MQi?2`
DmKT- Bi ?b p2`v HBiiH2 +QKT2iBiBQM 7`QK i?2 bi+FBM; 7mHib `QmM/ BiX PMHv
QM2 Q7 i?2 Qi?2` bi+FBM; 7mHib `2HB2p2b  bHB;?i KQmMi Q7 bi`BM /m`BM;
i?Bb iBK2 UTm`TH2VX >Qr2p2`- QM2 bi+FBM; 7mHi /2+`2b2b bHB;?iHv- Q` ?2Hb-
RkR
6B;m`2 9Xky, h?2 bi`BM `2HB2p2/ #v i?2 /BbHQ+iBQM p2`bmb iBK2X
Rkk
6B;m`2 9XkR, 1+? bi+FBM; 7mHi BM i?2 bKTH2 ?b #22M B/2MiB}2/ M/ /`rM rBi?
b2T`i2 +QHQ`bX h?2 BM+QKBM; M/ i`MbKBii2/ bi+FBM; 7mHib BM 6B;m`2b 9Xe- 9Xd- M/
9X3 `2 BM/B+i2/X
Rkj
6B;m`2 9Xkk, ai`BM `2HB27 p2`bmb iBK2 #v 2+? bi+FBM; 7mHi BM i?2 bKTH2X h?2
bi+FBM; 7mHi i?i T2M2i`i2b i?2 irBM #QmM/`v Bb K`F2/ hX
Rk9
b?Q`iHv i?2`27i2`X AM Q`/2` iQ ;2i  7mHH TB+im`2 Q7 i?2 bi`BMb 2pQHmiBQM i?2
+mKmHiBp2 bi`BM Q7 HH bi+FBM; 7mHib Bb THQii2/ BM 6B;m`2 9XkjX >2`2 r2
+M +H2`Hv b22 ?Qr i?2 b2+QM/ DmKT +QK2b 7i2` i?2`2 ?b #22M  /2+HBM2 BM
bi`BM `2HB27 UQ` M BM+`2b2 BM bi`BM 2M2`;v /m2 iQ +`vbiH ;`Qri? rBi?Qmi
Mv `2HB27 7`QK i?2 /BbHQ+iBQMbXV
9XkXe .BbHQ+iBQM .vMKB+b
h?2 7Q`+2 i?i /`Bp2b i?2 KQiBQM Q7 /BbHQ+iBQMb Bb i?2 S2+?@EQ2?H2` 7Q`+2-
FPK X AM 6B;m`2 9Xk9 r2 +M b22 ?Qr Bi /`Bp2b i?2 /BbHQ+iBQM iQ 2tTM/ BM
HH /B`2+iBQMbX
F¯PK /2T2M/b QM i?2 "m`;2`b p2+iQ`- b¯- i?2 2ti2`MH bi`2bb- σ¯- M/ i?2
H2M;i? Q7 i?2 /BbHQ+iBQM- ds¯- i?i i?2 7Q`+2 Bb +iBM; QM,
F¯PK = (σ¯ · b¯)× ds¯ U9X9eV
6Q` KQiBQM iQ Q++m`- i?2 S2+?@EQ2?H2` 7Q`+2 Kmbi Qp2`+QK2 i?2 /`;
7Q`+2 M/ i?2 HBM2 i2MbBQMX 6B;m`2 9Xk8 b?Qrb  7Q`+2 #HM+2 /B;`K- 7`QK
r?B+? r2 ;2i,
FPK = Fd + 2Fl U9X9dV
AM Qm` +b2- i?2 /BbHQ+iBQM ;`Qrb BM i?2 IRyR= /B`2+iBQM- #QmM/2/ #v
i?2 i2KTHi2 M/ i?2 7`22 bm`7+2 #Qp2- b b22M BM 6B;m`2 9XkeX h?2`27Q`2-
r2 QMHv ?p2 QM2 HBM2 i2MbBQM iQ +QMbB/2` BM Qm` 7Q`+2 #HM+2 2[miBQM,
Rk8
6B;m`2 9Xkj, *mKmHiBp2 bi`BM `2HB27 p2`bmb iBK2 #v 2+? bi+FBM; 7mHi BM i?2 bK@
TH2X h?2 bi+FBM; 7mHi i?i T2M2i`i2b i?2 irBM #QmM/`v Bb K`F2/ hX
Rke
6B;m`2 9Xk9, h?2 /BbHQ+iBQM KQp2b 7Q`r`/ /m2 iQ i?2 S2+?@EQ2?H2` 7Q`+2- FPK -
+iBM; QM HH bB/2bX
Rkd
6B;m`2 9Xk8, h?2 S2+?@EQ2?H2` 7Q`+2- FPK - Bb #HM+2/ #v i?2 HBM2 i2MbBQM- Fl- M/
i?2 /`; 7Q`+2- FdX
Rk3
6B;m`2 9Xke, h?2 /BbHQ+iBQM Q7 BMi2`2bi +QKBM; BM iQr`/b i?2 irBM #QmM/`vX
RkN
FPK = Fd + Fl U9X93V
h?2 /`; 7Q`+2 ?b #22M +H+mHi2/ b (9e),
Fd =
4η
pi
∆Sv U9X9NV
r?2`2 ∆S Bb i?2 rB/i? Q7 i?2 bi+FBM; 7mHi T2`T2M/B+mH` iQ i?2 /B`2+iBQM
Q7 KQiBQM Q7 i?2 /BbHQ+iBQM- r?B+? ?2`2 Bb #Qmi 8y µKX η Bb 1.6×10−3 SXb
(Rd) M/ i?2 p2HQ+Biv rb +H+mHi2/ 7Q` #Qi? i?2 i`MbKBii2/ M/ `2~2+i2/
/BbHQ+iBQM Ua22 6B;m`2 9XkdV M/ 7QmM/ iQ ?p2  KtBKmK i yXN µKfKBMX
q2 Q#iBM  K;MBim/2 Q7 i?2 /`; 7Q`+2 Q7 1.5× 10−15 LX
M TT`QtBKi2 2tT`2bbBQM 7Q` i?2 HBM2 i2MbBQM Bb (Rj),
Fl =
1
2
µb2 U9X8yV
qBi? µ = 2 S M/ b = 0.81µK- i?2 HBM2 i2MbBQM Bb 6.5×10−13 L- irQ Q`/2`b
Q7 K;MBim/2 H`;2` i?M i?2 /`; 7Q`+2X q2 rBHH i?2`27Q`2 B;MQ`2 i?2 /`;
7Q`+2 BM i?2 7Q`+2 #HM+2 2[miBQMX
M TT`QtBKi2 2tT`2bbBQM 7Q` S2+?@EQ2?H2` 7Q`+2 Bb,
FPK = σ b∆S U9X8RV
r?2`2 i?2 σ = µ∆ε = µ(εo − ε)X lbBM; 1[miBQM 9X93 M/ bQHpBM; 7Q` bi`BM
r2 ;2i,
∆ε =
1
2µb
2
µb∆S
= 8× 10−3 U9X8kV
r?B+? Bb i?2 bi`BM M22/2/ iQ /`Bp2 i?2 KQiBQM Q7 i?2 /BbHQ+iBQMX aBM+2 i?2
bi`BM `2HB2p2/ #v i?2 bi+FBM; 7mHib Bb ε 4 yXyRe- i?2 `2KBMBM; bi`BM- εo−ε
Rjy
4 yXy98@yXyRe 4 yXykN- Bb +H2`Hv bm{+B2Mi iQ /`Bp2 /BbHQ+iBQM KQiBQMX
q?2M i?2 /BbHQ+iBQM ;Q2b i?`Qm;? i?2 #QmM/`v- i?2 rQ`F /QM2 #v
i?2 S2+?@EQ2?H2` 7Q`+2 M22/b iQ bmTTHv i?2 2M2`;v 7Q` irQ KQ`2 /BbHQ+iBQM
Q7 H2M;i? ∆S- QM2 i?i bivb i i?2 #QmM/`v M/ QM2 i?i ;Q2b i?`Qm;?X
.2}M2 i?2 H2M;i? i?2 /BbHQ+iBQM i`p2Hb r?2M Bi ;Q2b i?`Qm;? i?2 #QmM/`v
b ∆rX h?2 rQ`F /QM2 #v i?2 FPK QM i?2 i`MbKBii2/ /BbHQ+iBQM Bb FPK∆rc
i?2 rQ`F /QM2 QM i?2 `2~2+i2/ /BbHQ+iBQM Bb FPK2∆r- bBM+2 Bi i`p2Hb #Qmi
irB+2 b 7` b i?2 i`MbKBii2/ QM2 U6B;m`2 9XReV M/ Bi ?b i?2 bK2 "m`;2`b
p2+iQ`X h?2 iQiH rQ`F #HM+2 Bb i?2M,
FPK(3∆r) = T (3∆r) + 2T∆S U9X8jV
aQHp2 7Q` FPK T2` mMBi H2M;i?,
FPK
∆S
=
T
∆S
+
2T
3∆r
U9X89V
T
∆S Bb 7QmM/ #Qp2 iQ #2 8 × 10−3µb LfK- ?2M+2 i?2 bi`BM M22/2/ 7Q` i?2
/BbHQ+iBQM iQ ;Q i?`Qm;? i?2 #QmM/`v- ∆εb- Bb,
∆εb = 8× 10−3(1 + 2∆S3∆r ) U9X88V
∆r +M #2 7QmM/ BM 6B;m`2 9XRe iQ #2 #Qmi Rk µKX
1[miBQM 9X88 i2HHb mb i?i i?2 bi`BM M22/2/ Bb yXyjyX h?Bb pHm2 Bb
+HQb2 iQ i?2 `2KBMBM; bi`BM BM i?2 HiiB+2 Uεo − ε4yXykNVX JQbi HBF2Hv- i?2
`2bQM 7Q` i?2 /BbHQ+iBQM iQ ?QH/ mT i i?2 #QmM/`v Bb i?2 M22/ iQ #mBH/@
mT  bKHH KQmMi Q7 2ti` bi`BM U#v ;`Qri?- b22 6B;m`2 9XkyV iQ KF2
Mm+H2iBQM Q7 i?2 M2r /BbHQ+iBQMb TQbbB#H2X
RjR
6B;m`2 9Xkd, .BbHQ+iBQM p2HQ+BiB2b #2ir22M i?2 R8 KBM iBK2 bi2TbX "Hm2 BM/B+i2 i?2
/BbHQ+iBQM KQpBM; 7Q`r`/X :`22M BM/B+i2b i?2 /BbHQ+iBQM KQpBM; #+Fr`/bX
Rjk
6B;m`2 9Xk3, h?2 /BbHQ+iBQM +QM};m`iBQM #27Q`2 M/ 7i2` T2M2i`iBQM i?`Qm;? i?2
#QmM/`vX
Rjj
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*QM+HmbBQMb
h?Bb i?2bBb ?b b?QrM ?Qr +QHHQB/b +M #2 mb2/ iQ bim/v i?2 +QKTH2t/vMKB+b Q7 /272+ib BM ?`/@bT?2`2 +`vbiHbX
h?2 p+M+B2b M/ /Bp+M+B2b BM i?2 +QHHQB/H ?`/@bT?2`2 +`vbiHb
bim/B2/ ?2`2 `2 MQi BM 2[mBHB#`BmK- bBM+2 MQ KQp2K2Mi Q7 bBM;H2 p+M+B2b Bb
Q#b2`p2/X h?2 H+F Q7 KQ#BHBiv Bb +QMbBbi2Mi rBi? i?2 2ti`TQHiBQM Q7 2`HB2`
bBKmHiBQMb i HQr2` /2MbBiB2bX
h?2 pQHmK2 Q7 `2HtiBQM Q7 i?2 p+M+v ?b  THmbB#H2 pHm2 7Q` i?2b2
/2MbBiB2b b i?2 pQHmK2 Q7 7Q`KiBQM Bb TT`Q+?BM; i?2 pQHmK2 BM  +HQb2@
T+F2/ +`vbiHX h?2 pQHmK2 Q7 `2HtiBQM 7Q` i?2 /Bp+M+v Bb bKHH2` i?M
i?i Q7 irQ p+M+B2b- bQ i?i i?2 bbQ+BiBQM Q7 irQ p+M+B2b BMiQ  /Bp@
+M+v `2[mB`2b 2ti` pQHmK2- M/ ?2M+2 2ti` 2Mi`QTvX
h?2 K2M b[m`2 /BbTH+2K2Mi Q7 i?2 M2`2bi M2B;?#Q`b Q7 i?2 p+M@
+B2b Bb M Q`/2` Q7 K;MBim/2 H`;2` i?M i?i Q7 i?2 M2`2bi M2B;?#Q`b Q7
Rj9
T`iB+H2bX
h?2 KQ#BHBiv Q7 i?2 /Bp+M+B2b Bb +QMbBbi2Mi rBi? i?2 2ti`TQHiBQM
Q7 QH/2` bBKmHiBQMb M/ Bb bBKBH` iQ i?i bbQ+Bi2/ rBi? i?2 MMB?BHiBQM
Q7 i?2 p+M+v@BMi2`biBiBH TB`X h?2 pQHmK2 Q7 KQiBQM Q7 i?2 /Bp+M+B2b
Bb ∆Vm = 0.19Vo UVo, +HQb2@T+F2/ pQHmK2V M/ i?2 2Mi`QTv Q7 KQiBQM Bb
∆Sm = 0.49kBT X
.BbHQ+iBQM@irBM #QmM/`v BMi2`+iBQMb +M #2 Q#b2`p2/ #v BMi`Q/m+BM;
bi`BM pB  KBb}i i2KTHi2X h?2 /BbHQ+iBQMb 7Q`K2/ `2 a?Q+FH2v T`iBHbX
q?2M  /BbHQ+iBQM ;Q2b i?`Qm;? i?2 #QmM/`v- irQ KQ`2 /BbHQ+iBQMb `2
+`2i2/,  `2~2+i2/ /BbHQ+iBQM M/ QM2 H27i i i?2 #QmM/`v- #Qi? rBi? i?2
bK2 K;MBim/2 "m`;2`b p2+iQ`X
h?2 /BbHQ+iBQMb `2HB2p2  iQiH Q7 #Qmi  i?B`/ Q7 i?2 KBb}i bi`BMX
h?2 `2KBMBM; bi`BM Bb bm{+B2MiHv H`;2 iQ KQp2 i?2 /BbHQ+iBQM mT iQ i?2
#QmM/`v M/ +HQb2 iQ bm{+B2Mi iQ KQp2 i?2 /BbHQ+iBQM i?`Qm;? i?2 #QmM/@
`vX  bKHH KQmMi iQ 2ti` bi`BM 2M2`;v Bb M22/2/ iQ +mb2 Mm+H2iBQM Q7
i?2 irQ //BiBQMH /BbHQ+iBQMb 7i2`  rBiBM; iBK2X
Rj8
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TT2M/Bt 
h?Bb TT2M/Bt Bb  bmTTH2K2Mi iQ 2tTHBM i?2 T`Q+2/m`2 iQ T`Q@/m+2 i2KTHi2bX
eXR JbF JMm7+im`BM;
h2KTHi2b `2 K/2 #v HBi?Q;`T?v r?2`2 lo HB;?i b?BM2b i?`Qm;?  Ti@
i2`M2/ KbF M/ `2THB+i2b i?2 bi`m+im`2X h?2 }`bi bi2T BM i2KTHi2 T`Q/m+@
iBQM Bb KMm7+im`BM; Q7 i?2 KbFbX
eXRXR h?2 /2bB;M Q7 i?2 Tii2`M
h?2 KbF T`Q/m+iBQM bi`ib rBi? /2bB;MBM; i?2 /2bB`2/ Tii2`M BM i?2 +QK@
Tmi2` T`Q;`Kb JB+`QbQ7i rQ`/ M/ GvPmi1/BiQ`X  bT2+BH b+`BTi Bb mb2/
r?2`2 TQbBiBQM M/ /BK2i2` Q7 i?2 ?QH2b `2 bT2+B}2/ BM  X+B7 }H2 Ur`Bii2M
BM qQ`/ #mi bp2/ b X+B7XV "2HQr Bb M 2tKTH2,
Rje
.a R R R
G *Jc
_ Ry8 8y 8y
.6c
.a k R R
G *J,
* R h Ryy Ryy
* R h Ryy kyy
* R h Ryy jyy
.6c
1
h?2 }`bi 7Qm` HBM2b /2i2`KBM2 i?2 bBx2 Q7 i?2 ?QH2b Ubi`iBM; rBi? .a R R RV
M/ i?2 `Qrb i?i 7QHHQr /2i2`KBM2 i?2 HQ+iBQMb Q7 i?2 ?QH2b Ubi`iBM; rBi?
.a k R RVX h?2 }H2 Hrvb 2M/b rBi? M 1X AM i?Bb +Q/2  ?QH2 rBi? /BK2i2`
Ry8 Bb `2T2i2/ i?`22 iBK2b BM  p2`iB+H `Qr rBi? bT+BM; RyyX h?2 bT2+B}+
HQ+iBQMb `2,
t v
R8y R8y
R8y k8y
R8y j8y
h?2 X+B7 }H2 Bb `2/ r?2M QT2M2/ BM GvPmi1/BiQ` rBi?  /2bB`2/ b+HBM;
7+iQ`X AM i?2 2tKTH2 #Qp2 i?2 b+HBM; 7+iQ` Bb ×10−4- r?2`2  Bb i?2
Rjd
/2bB`2/ HiiB+2 bT+BM; BM µKX h?Bb Bb MQi i`MbHi#H2 iQ  Ry8×RXej µK
`/Bmb QM i?2 }MH i2KTHi2- b QM2 KB;?i i?BMFX AMbi2/ i?2 `/Bmb rBHH
Hi2` #2 /2i2`KBM2/ #v i?2 irQ 2tTQbm`2 iBK2b, i?2 Hb2` 2tTQbm`2 iBK2 QM
i?2 KbF M/ i?2 lo HB;?i 2tTQbm`2 iBK2 QM i?2 i2KTHi2X Pi?2` 7+iQ`b
HbQ THv  `QH2 b rBHH #2 /Bb+mbb2/ #2HQrX >Qr2p2`- i?2 MmK#2` Bb MQi
`#Bi``vX AM Qm` +b2  `iBQ Q7 RXy8 #2ir22M i?2 `/Bmb M/ i?2 bT+BM; rb
B/2HX q?2M i?2 +Q/2 Bb r`Bii2M- i?2 X+B7 }H2 +M #2 QT2M2/ BM GvPmi1/BiQ`
M/ i?2 Tii2`M rBHH #2 /`rMX i i?Bb TQBMi Bi Bb mb27mH iQ +?2+F i?i i?2
/BbiM+2b #2ir22M i?2 ?QH2b M/ i?2 `iBQ Q7 /BK2i2`fbT+BM; Q7 i?2 ?QH2b
`2 b /2bB`2/X h?Bb Bb HbQ r?2`2  +QMp2`bBQM 7`QK X+B7 iQ X;/b Bb K/2X h?2
KbF K+?BM2 T`272`b X;/b }H2bX
eXRXk q`BiBM; i?2 Tii2`M
h?2 KbF KF2` mb2/ i?`Qm;?Qmi i?Bb rQ`F rb i?2 >2B/2H#2`; hJ KbF
KF2` U.qGeeVX  k KK r`Bi2 ?2/ /B`2+ib i?2 Hb2` iQ T`BMi i?2 T`2@
/2bB;M2/ Tii2`M QM  +?`QK2@+Qi2/ ;Hbb bm#bi`i2X hrQ }Hi2`b URW M/
8yWV `2 TH+2/ iQ #HQ+F bQK2 Q7 i?2 BMi2MbBiv Q7 i?2 Hb2`X A7 i?2b2 }Hi2`b
`2 MQi BM TH+2-  /2Mb2- KB+`QK2i2` T`2+BbBQM Tii2`M rBHH MQi #2 2bBHv
Q#iBM2/X >Qr2p2`- Bi /Q2b MQi Kii2` r?B+? Q`/2` i?2v `2 TH+2/ BMX PM2
+M +?Qb2 iQ /Q QM2 Tii2`M i  iBK2- `2T2i i?2 Tii2`M KmHiBTH2 iBK2b-
Q` /`r /Bz2`2Mi Tii2`Mb QM i?2 bK2 KbFX h?2 HBKBi Q7 bBx2 QM QM2
bT2+B}+ Tii2`M Bb i?2 KQmMi Q7 iBK2 Bi iF2b iQ mTHQ/ i?2 X;/b }H2 iQ i?2
+QKTmi2`X  H`;2 Tii2`M iF2b ?Qm`b- bQK2iBK2b /vb- bQ bKHH2` Tii2`Mb
`2 T`272``2/X h?2`27Q`2- Bi +M #2 B/2H iQ `2T2i i?2 bK2 Tii2`Mb `B;?i
M2ti iQ 2+? Qi?2` iQ Q#iBM  H`;2 #mi KQ`2 KM;2#H2 KbF +QMbi`m+iBQMX
 KtBKmK Q7 k8 Tii2`Mb +M #2 r`Bii2M BM QM2 `mMX Pm` Tii2`Mb ?p2
Rj3
KQbiHv #22M bm# 8×8 KK2 M/ `2T2i2/ B7 M22/2/X h?2`2 `2 irQ KBM
T`K2i2`b i?i /2i2`KBM2 i?2 [mHBiv Q7 i?2 Tii2`M- i?2 /27Q+mb M/ i?2
2M2`;vX h?2 QTiBKH pHm2b Q7 2+? /2T2M/ QM i?2 ;2 M/ HB;MK2Mi Q7
i?2 Hb2`X h?2`27Q`2-  i2bi `mM Bb `2[mB`2/ r?2`2  bKHH Tii2`M Bb r`Bii2M
KmHiBTH2 iBK2b rBi? /27Q+mb `M;BM; 7`QK R8yy iQ RNyy M/ 2M2`;v `M;BM;
7`QK dy iQ RRyX 7i2` i?2 i2bi KbF ?b #22M /2p2HQT2/ M/ 2i+?2/- i?2
B/2H /27Q+mb M/ 2M2`;v +M #2 /2i2`KBM2/ mM/2` i?2 KB+`Qb+QT2X
eXRXj .2p2HQTBM; M/ 2i+?BM; i?2 Tii2`M
7i2` i?2 bm#bi`i2 ?b #22M 2tTQb2/ iQ i?2 Hb2` Bi Bb iBK2 7Q` /2p2HQTBM; i?2
bm#bi`i2 BM R T`i J6j8R M/ k T`ib ri2` 7Q` k@j KBMX h?2 bm#bi`i2 Bb
`BMb2/ rBi? ri2` BKK2/Bi2Hv 7i2`r`/b M/ i?2M #HQr@/`B2/ rBi? B`X PM2
+QmH/ mb2 i?Bb QTTQ`imMBiv iQ 2tKBM2 i?2 Tii2`M mM/2`  KB+`Qb+QT2 #mi
i?Bb b?QmH/ QMHv #2 /QM2 BM i?2 2p2Mi i?i bQK2i?BM; Bb r`QM; rBi? i?2 Hb2`
2tTQbm`2 Q` /2p2HQTBM; bi2TX h?Bb Bb #2+mb2 i?2 KB+`Qb+QT2 HB;?i /2bi`Qvb
i?2 +?`QK2X A7 i?2 bm#bi`i2 ?b MQi #22M 2tTQb2/ iQ  KB+`Qb+QT2- i?2
M2ti bi2T Bb iQ 2i+? BM  +?`QKBmK 2i+?BM; bQHmiBQM Ryky 7Q` j@jX8 KBMX h?2
iBK2 p`B2b /2T2M/BM; QM i?2 BMi2MbBiv Q7 i?2 Hb2`- i?2 ;2 Q7 i?2 bm#bi`i2-
M/ i?2 /2bB`2/ `/Bmb Q7 i?2 ?QH2bX 6BMHHv- i?2 bm#bi`i2 Bb `BMb2/ BM ri2`
BKK2/Bi2Hv M/ /`B2/ rBi? #HQrBM; B`X  KB+`Qb+QT2 rBi? HB;?i b?BMBM;
7`QK mM/2`M2i? rBHH `2p2H ?Qr r2HH i?2 lo HB;?i ;Q2b i?`Qm;? i?2 KbFX
A7 i?2 +`QK2 Bb MQi +QKTH2i2Hv ;QM2- HBiiH2 Q` MQ HB;?i rBHH b?BM2 i?`Qm;?X AM
i?Bb +b2- i?2 /2p2HQTBM; iBK2 rb iQQ b?Q`i Q` i?2 2M2`;v Q7 i?2 >2B/2H#2`;
hJ rb iQQ HQrX
RjN
eXk h2KTHi2 S`Q+2bbBM;
oq_ KB+`Q +Qp2` ;Hbb bHB/2b LQX RX8 `2 }`bi +H2M2/ 7Q` Ry KBM BM +2iQM2-
Ry KBM BM K2i?MQH- M/ #HQr@/`B2/ rBi? B`X h?2 M2ti bi2T Bb iQ +Qi i?2
bHB/2b rBi?  T?QiQ`2bBbiX AM Q`/2` iQ ;2i i?2 T?QiQ`2bBbi iQ biB+F iQ i?2 ;Hbb
 Hv2` Q7 T`BK2` Bb }`bi bTBM@+Qi2/ 7Q` 8 b2+QM/b i 8yy `TK M/ i?2M 9y
b2+QM/b i 9yyy `TKX .B`2+iHv i?2`27i2`  Hv2` Q7 T?QiQ`2bBbi a?BTH2v aR3y8
rb bTBM@+Qi2/ 7Q` i?2 bK2 KQmMi Q7 iBK2 M/ i i?2 bK2 `TKX h?2 ;Hbb
bHB/2 Bb TH+2/ QM  RRyo* ?Qi THi2 7Q` j KBM BM Q`/2` iQ TQHvK2`Bx2X h?2
bHB/2 Bb TH+2/ BM  KbF HB;M2` Uambb hJ JC"jV 7Q` k@kX8 b2+ iQ;2i?2` rBi?
i?2 KbFX h?2 bHB/2b `2 /2p2HQT2/ BM R T`i J6 j8R M/ 8 T`ib ri2`
7Q` ey@Ny b2+X "Qi? i?2 2tTQbm`2 iBK2 M/ i?2 /2p2HQTBM; iBK2 p`v /m2 iQ
i?2 ?QH2 bBx2 BM i?2 KbF- i?2 ;2 Q7 i?2 T?QiQ`2bBbi- +HB#`iBQM Q7 i?2 KbF
HB;M2`- M/ i?2 T`2KBt2/ /2p2HQT2`X lbmHHv  72r i`B2b `2 `2[mB`2/ 2+?
iBK2 iQ /2i2`KBM2 i?2 B/2H T`Q+2/m`2X UPM2 2{+B2Mi rv iQ /Q i?Bb Bb iQ
2tTQb2 i?2 bK2 ;Hbb bHB/2 rBi? /Bz2`2Mi 2tTQbm`2 iBK2b M2ti iQ 2+? Qi?2`
#27Q`2 /2p2HQTBM;XV 7i2` /2p2HQTBM;- i?2 bHB/2b `2 /`QTT2/ BMiQ ri2` 7Q`
ey b2+QM/b M/ #HQrM@/`B2/ rBi? B`X 6Q` 2i+?BM; i?2  `2+iBp2 BQM 2i+?2`
Uaha A*S _A1 3 V rb mb2/X hQ bi`i Qz- i?2 +?K#2` M22/b iQ #2 i`2i2/
rBi? Qtv;2M +H2MBM; THbK 7Q` ky KBMX h?2M i?2 _A1 rBHH T2`7Q`K 3@Ry
KBM 2i+?BM; QM i?2 bHB/2b- r?B+? `2 ii+?2/ iQ  ;Hbb r72` rBi? i?2`KH
Tbi2X 7i2` Ry KBM Qtv;2M +H2MBM; THbK Bb BMi`Q/m+2/ ;BM iQ `2KQp2
i?2 T?QiQ`2bBbi 7`QK i?2 bHB/2- rBi?Qmi 2i+?BM; i?2 ;Hbb Mv 7m`i?2`X PM+2
i?2 i?2`KH Tbi2 Bb 7mHHv `2KQp2/ rBi? BbQT`QTMQH i?2 i2KTHi2b `2 `2/v
iQ #2 mb2/X b 7Q` i?2 /2p2HQTBM; iBK2- i?2 2i+?BM; iBK2 Bb HbQ /2T2M/2Mi
QM i?2 Tii2`M M/ i?2 [mHBiv Q7 i?2 T?QiQ`2bBbiX h?2 bKHH2` i?2 `/BB i?2
R9y
HQM;2` 2i+?BM; iBK2 Bb `2[mB`2/ iQ +`2i2 /22T 2MQm;? ?QH2b 7Q` i?2 +QHHQB/b iQ
7HH BMiQ Ub22 a2+iBQMkXkX9 BM *?Ti2` kVX Ai Bb MQi  T`Q#H2K B7 i?2 ?QH2b `2
iQQ /22T- M/ b HQM; b i?2 T?QiQ`2bBbi Bb MQi 2i+?2/ rv- HBiiH2 p`BiBQM BM
/BK2i2` Bb 7QmM/ rBi? BM+`2bBM; 2i+?BM; iBK2X 6B;m`2 eXR b?Qrb  HvQmi Q7
i?2 i2KTHi2 T`Q+2bbBM; M/ 6B;m`2 eXk b?Qrb i?2 `2bmHi Q7  RRy i2KTHi2X
R9R
6B;m`2 eXR, h2KTHi2b `2 T`Q/m+2/ BM KmHiBTH2 bi2Tb, RV h?2 ;Hbb bHB/2 Bb +H2M2/
BM +2iQM2 M/ K2i?MQHc kV  T`BK2` Bb bTBM@+Q/2/ QM iQT Q7 i?2 ;Hbb bHB/2c jV  Hv2` Q7
T?QiQ`2bBbi Bb bTBM@+Q/2/ QM iQT Q7 i?2 T`BK2`c 9V i?2 ;Hbb bHB/2 Bb 2tTQb2/ iQ lo HB;?ic
8V i?2 ;Hbb bHB/2 Bb /2p2HQT2/ iQ `2KQp2 i?2 2tTQb2/ T?QiQ`2bBbic eV i?2 ;Hbb bHB/2 Bb
2i+?2/ M/ i?2 T?QiQ`2bBbi Bb `2KQp2/X
R9k
6B;m`2 eXk, JB+`Qb+QT2 BK;2 Q7  RRy i2KTHi2X
R9j
7
TT2M/Bt "
h?Bb TT2M/Bt Bb  bmTTH2K2Mi iQ 2tTHBM BK;2 T`Q+2bbBM; mb2/BM *?Ti2` j M/ 9 X
dXyXR AK;2 T`Q+2bbBM;
h?2 `r /i 7`QK i?2 +QM7Q+H KB+`Qb+QT2 Bb T`Q+2bb2/ mbBM; J`B EBH7QBHǶb
JhG" T+F;2 iQ }M/ T`iB+H2 +2Mi2`b BM j.X (9d) Uh?2 T+F;2 +M #2
7QmM/ i ?iiT,ffT2QTH2XmKbbX2/mfFBH7QBHf/QrMHQ/bX?iKHVX h?2 `2 i?`22
7mM+iBQMb mb2/ BM i?Bb i?2bBb,
RV `2/ntvx `2/b BM  b2i Q7 BK;2b BMiQ JhG"X
kV #Tbbj/J" T`27Q`Kb  j. KbF QM i?2 `r BK;2b iQ }M/ i?2 +2Mi2` Q7
2+? T`iB+H2 #v H#2HBM; Bi rBi? i?2 KQbi BMi2Mb2 TBt2HbX
jV 72im`2j/J" Q#iBMb i?2 +QQ`/BMi2b Q7 i?2b2 +2Mi2`bX
R99
h?2`2 `2 7Qm` +Q/2 HBM2b r`Bii2M BM Q`/2` iQ Q#iBM i?2b2 +2Mi2`b,
suw 4 `2/ntvxU6QmH/2`-LK2P76BH2b-(xnbi`i-xn2M/)Vc
suw4k88@suwc WUhQ BMp2`i i?2 BK;2 M/ ;Bp2 i?2 +2Mi2` i?2 Kt BMi2M@
bBivV
`2b4#Tbbj/J"Usuw-HMQBb2-HQ#D2+i-BMTmipVc
`472im`2j/J"U`2b-/BK2i2`-KbFbx-tvxKt-BMTmix-b2T-Kbb+mi-i?`2b?QH/Vc
h?2 BK;2bǶ TBt2Hb BMi2MbBiv `M;2b 7`QK y iQ k88- k8 TQbbB#H2 pHm2b-
BM/B+iBM;  `M;2 Q7 T?QiQMb ?BiiBM; /2i2+i2` i i?i bT2+B}+ b+MM2/ TQBMiX
q?2M i?2 j. KbF Bb T2`7Q`K2/- mbBM; i?2 #Tbbj/J" 7mM+iBQM- r2B;?i2/
MmK#2`b Q7 BMi2MbBiv 7`QK i?2 +QMbB/2`2/ TBt2Hb Q7 i?2 KbF `2 bmKK2/
mT- H2pBM;  TQbbB#H2 BMi2MbBiv H`;2` i?M k88X
6Q` /2iBH2/ /2b+`BTiBQMb Q7 i?2 T`K2i2`b #Qp2- b22 i?2 r2#bBi2X
h?2 T`K2i2` pHm2b rBHH #2 T`2b2Mi2/ BM i?2 `2H2pMi +?Ti2`b rBi? 2t+2T@
iBQM Q7 i?2 72r i?i /Q MQi +?M;2 #2ir22M i?2 /Bz2`2Mi /i@b2ib,
BMTmip4(y y)c
BMTmix 4 (R y R)c
Kbb+mi 4 yc
i?`2b?QH/ 4 yXRc
h?2 biQ`2/ p`B#H2 ` rBHH ;Bp2 i?2 +QQ`/BMi2b BM TBt2HbX h?2 +QM7Q+H
KB+`Qb+QT2 ;Bp2b  +QMp2`bBQM #2ir22M TBt2Hb M/ µK 7Q` 2+? /i@b2iX h?Bb
+QMp2`bBQM rBHH HbQ #2 T`2b2Mi2/ BM `2H2pMi b2+iBQMbX
R98
_272`2M+2b
(R) X pM "H/2`2M- _X _m2H- M/ SX qBHixBmb- ǳh2KTHi2@/B`2+i2/ +QH@
HQB/H +`vbiHHBxiBQM-Ǵ Lim`2- pQHX j38- TTX jkRĜjk9- RNNdX
(k) SX LX Smb2v- qX pM J2;2M- SX "`iH2ii- M/ "X CX +F2`bQM- ǳai`m+im`2
Q7 +`vbiHb Q7 ?`/ +QHHQB/H bT?2`2b-Ǵ S?vbX _2pX G2iiX- pQHX ej- MQX k8-
TTX kd8jĜkd8e- RN3NX
(j) GX "`;; M/ CX 6X Lv2- ǳ /vMKB+H KQ/2H Q7  +`vbiH bi`m+im`2-Ǵ
h?2 _QvH aQ+B2iv, a2`B2b X Ji?X M/ S?vbX a+BX- pQHX RNy- MQX Rykj-
TTX 9d9Ĝ93R- RN9dX
(9) SX a+?HH- AX *Q?2M- .X X q2Bix- M/ 6X aT2T2M- ǳoBbmHBxiBQM Q7
/BbHQ+iBQM /vMKB+b BM +QHHQB/H +`vbiHb-Ǵ a+B2M+2- pQHX jy8- TTX RN99Ĝ
RN93- kyy9X
(8) 1X JB`2- JX S2`bbQM :mH/- LX LFKm`- EX C2Mb2M- 1X J`;QHBb-
*X 6`B2/bK- M/ 6X aT2T2M- ǳh?`22 /BK2MbBQMH +QM7Q+H KB+`Qb+QTv
bim/v Q7 #QmM/`B2b #2ir22M +QHHQB/H +`vbiHb-Ǵ PTiB+H J2bm`2K2Mib-
JQ/2HBM;- M/ J2i`QHQ;v- pQHX 8- TTX eNĜd9- kyRRX
(e) SX a+?HH- AX *Q?2M- .X X q2Bix- M/ 6X aT2T2M- ǳoBbmHBxiBM; /Bb@
HQ+iBQM Mm+H2iBQM #v BM/2MiBM; +QHHQB/H +`vbiHb-Ǵ Lim`2- pQHX 99y-
TTX jRNĜjkj- kyyeX
(d) X .X .BMbKQ`2- 1X _X q22Fb- oX S`b/- X *X G2pBii- M/ .X X q2Bix-
ǳh?`22@/BK2MbBQMH +QM7Q+H KB+`Qb+QTv Q7 +QHHQB/b-Ǵ TTHB2/ PTiB+b-
pQHX 9y- TTX 9R8kĜ9R8N- kyyRX
(3) *X >X "2MM2ii M/ "X CX H/2`- ǳaim/B2b BM KQH2+mH` /vMKB+bX BtX
p+M+B2b BM ?`/ bT?2`2 +`vbiHb-Ǵ CX *?2KX S?vbX- pQHX 89- TTX 9dNeĜ
93y3- RNdRX
(N) aX S`QMF M/ .X 6`2MF2H- ǳSQBMi /272+ib BM ?`/ bT?2`2 +`vbiHb-Ǵ CX
S?vbX *?2KX "- pQHX Ry8- TTX edkkĜedkd- kyyRX
R9e
(Ry) qX G22- X *?M- JX X "2pM- CX X G2rBb- M/ SX oX "`mM-
ǳLMQT`iB+H2@K2/Bi2/ 2TBitBH bb2K#Hv Q7 +QHHQB/H +`vbiH QM Ti@
i2`M2/ bm#bi`i2b-Ǵ GM;KmB`- pQHX ky- TTX 8kekĜ8kdy- kyy9X
(RR) SX JmHHM2` M/ *X aQH2Mi?H2`- ǳPM i?2 2z2+i Q7 /27Q`KiBQM irBMMBM;
QM /272+i /2MbBiB2b-Ǵ Ji2`X a+BX M/ 1M;X - pQHX jky- TTX RydĜRR8-
RNNdX
(Rk) 1X X J`[mBb- GX .Qm;Hb J2/HBM- M/ 6X G2QM`/- ǳai#BHBxiBQM Q7
2ti2M/2/ bi+FBM; 7mHib #v &R R R'f&R R k' irBM DmM+iBQM BMi2`+iBQMb-Ǵ
+i Ji2`X- pQHX 88- TTX 8NRdĜ8Nkj- kyydX
(Rj) CX SX >B`i? M/ CX GQi?2- ǳh?2Q`v Q7 /BbHQ+iBQMb-Ǵ RN3kX
(R9) sX w?M;- X JBb`- >X qM;- JX LbibB- hX 1K#m`v- 1X JBi+?2HH- _X :X
>Q;HM/- M/ CX SX >B`i?- ǳLMQb+H2@irBMMBM;@BM/m+2/ bi`2M;i?2MBM;
BM mbi2MBiB+ biBMH2bb bi22H i?BM  HKb-Ǵ TTX S?vbX G2iiX- pQHX 39- MQX d-
TTX RyNeĜRyN3- kyy9X
(R8) uX@>X w?Q- sX@wX GBQ- aX *?2M;- 1X J- M/ uX hX w?m- ǳaBKmHiM2@
QmbHv BM+`2bBM; i?2 /m+iBHBiv M/ bi`2M;i? Q7 MMQbi`m+im`2/ HHQvb-Ǵ
/pX Ji2`X- pQHX R3- TTX kN3yĜkk3j- kyyeX
(Re) uX qM;- JX *?2M- 6X w?Qm- M/ 1X J- ǳ>B;? i2MbBH2 /m+iBHBiv BM 
MMQbi`m+im`2/ K2iH-Ǵ Lim`2- pQHX 9RN- TTX NRkĜNR8- kyykX
(Rd) EX 1X C2Mb2M- .X S2MM+?BQ- .X _2+?i- .X X q2Bix- M/ 6X aT2T2M-
ǳ_TB/ ;`Qri? Q7 H`;2- /272+i@7`22 +QHHQB/H +`vbiHb-Ǵ aQ7i Kii2`- kyRkX
(R3) SX a+?HH M/ 6X aT2T2M- ǳ.BbHQ+iBQMb BM bQHB/b, *?Ti2` Ne /BbHQ+@
iBQMb BM +QHHQB/H +`vbiHb-Ǵ pQHX Re- TTX kjjĜkeR- kyRyX
(RN) qX :X >QQp2` M/ 6X >X _22- ǳJ2HiBM; i`MbBiBQM M/ +QKKmMH 2Mi`QTv
7Q` ?`/ bT?2`2-Ǵ CX *?2KX S?vbX- pQHX 9N- TTX jeyNĜjeRd- kyyNX
(ky) qX EX E2;2H M/ X pM "H/2`2M- ǳ.B`2+i Q#b2`piBQM Q7 /vMKB+H
?2i2`Q;2M2BiB2b BM +QHHQB/H ?`/@bT?2`2 bmbT2MbBQMb-Ǵ a+B2M+2- pQHX k3d-
MQX 898R- TTX kNyĜkNj- kyyyX
(kR) GX oX qQQ/+Q+F- ǳ:Hbb i`MbBiBQM BM i?2 ?`/@bT?2`2 KQ/2H M/ Fmx@
KMMǶb T`/Qt-Ǵ MMX LXuX +/X a+BX- v2` 4 RN3R- pQHmK2 4 jdR-
MmK#2` 4 - T;2b 4 kd9ĜkN3-X
(kk) CX GX 6BMM2v- ǳ_M/QK T+FBM;b M/ i?2 bi`m+im`2 Q7 bBKTH2 HB[mB/bX BX
i?2 ;2QK2i`v Q7 `M/QK +HQb2 T+FBM;-Ǵ S`Q+X _QvX aQ+X X- pQHX jRN-
TTX 9dNĜ9Nj- RNdyX
R9d
(kj) "X CX H/2` M/ hX 1X qBMr`B;?i- ǳaim/B2b BM KQH2+mH` /vMKB+bX BBX
#2?pBQ` Q7  bKHH MmK#2` Q7 2HbiB+ bT?2`2b-Ǵ CX *?2KX S?vb- pQHX jj-
MQX 8- TTX R9jNĜR98R- RNeyX
(k9) EX _X >HH- ǳMQi?2` ?`/@bT?2`2 2[miBQM Q7 bii2-Ǵ CX *?2KX S?vbX-
pQHX 8d- TTX kk8kĜkk89- RNdkX
(k8) JX >X *?2biMmi- ǳ*QM7Q+H KB+`Qb+QTv Q7 +QHHQB/b-Ǵ *m``2Mi PTBMBQM BM
*QHHQB/ M/ AMi2`7+2 a+B2M+2- pQHX k- MQX k- TTX R83ĜReR- RNNdX
(ke) aX JX HH2M M/ 1X GX h?QKb- ǳh?2 bi`m+im`2 Q7 Ki2`BHb-Ǵ TTX k8RĜ
k8j- RNNNX
(kd) aX S`QMF M/ .X 6`2MF2H- ǳG`;2 2z2+i Q7 TQHv/BbT2`bBiv QM /272+i +QM@
+2Mi`iBQMb BM +QHHQB/H +`vbiHb-Ǵ CX *?2KX S?vbX- pQHX Rky- TTX ede9Ĝ
edeN- kyy9X
(k3) aX SX aBM;?- *X Em`- M/ aX SX .b- ǳPTiBKmK p+M+v +QM+2Mi`iBQM
BM  +`vbiH-Ǵ S?vbX _2pX 1- pQHX dk- TTX ykReyjĜRĜykReyjĜ8- kyy8X
(kN) _X qX "HHm{- aX JX HH2M- M/ qX *`B; *`i2`- ǳEBM2iB+b Q7 Ki2`B@
Hb-Ǵ kyy8X
(jy) X E2HHv- :X qX :`Qp2b- M/ SX EB//- ǳ*`vbiHHQ;`T?v M/ +`vbiH
/272+ib-Ǵ TTX k38ĜkNR- kyyyX
(jR) .i@b2i iF2M #v .M S2MM+?BQ-  _1l bmKK2` bim/2Mi BM S`Q72bbQ`
aT2T2MǶb H# r?Q rb bmT2`pBb2/ #v Ei?`BM2 C2Mb2MX
(jk) EX 1X C2Mb2M- .X X q2Bix- M/ 6X aT2T2M- ǳ i?`22@/BK2MbBQMH +HB@
#`iBQM /2pB+2 7Q` i?2 +QM7Q+H KB+`Qb+QT2X-Ǵ Ubm#KBii2/VX
(jj) JX oX C`B+ M/ lX JQ?Miv- ǳ.2MbBiv@7m+iBQMH i?2Q`v Q7 2HbiB+ KQ/mHB,
>`/@bT?2`2 M/ H2MM`/@DQM2b +`vbiHbX-Ǵ S?vbX _2pX "- pQHX jd- MQX N-
TTX 999RĜ998d- RN33X
(j9) 6X a2Bix M/ .X hm`M#mHH- ǳaQHB/ bii2 T?vbB+b /pM+2b BM `2b2`+? M/
TTHB+iBQMbX-Ǵ pQHX j- TTX RydĜRy3- RN8eX
(j8) .X _X L2HbQM M/ 6X aT2T2M- ǳSQHvi2i`?2/`H Q`/2` BM +QM/2Mb2/ Ki@
i2`-Ǵ aQHB/ aii2 S?vbB+b- pQHX 9kX
(je) .X hm`M#mHH M/ JX >X *Q?2M- ǳPM i?2 7`22@pQHmK2 KQ/2H Q7 i?2 HB[mB/@
;Hbb i`MbBiBQM-Ǵ CX Q7 *?2KX S?vbX- pQHX 8k- MQX e- TTX jyj3Ĝjy9R- RNdyX
R93
(jd) CX a+?BQix M/ EX qX C+Q#b2M- ǳ KtBKmK BM i?2 bi`2M;i? Q7
MMQ+`vbiHHBM2 +QTT2`-Ǵ a+B2M+2- pQHX jyR- TTX Rj8dĜRj8N- kyyjX
(j3) .X uX qX um M/ 6X aT2T2M- ǳh?2 vB2H/ bi`2M;i? Q7 i?BM +QTT2` }HKb
QM FTiQMX-Ǵ CX Q7 TTX S?vb- pQHX N8- MQX e- TTX kNNRĜkNNd- kyy9X
(jN) CX _X uQmM;/?H- *X C M7 q22`iKM- _X *X >m;Q- M/ >X >X >mM;- ǳ.2@
7Q`KiBQM #2?pBQ` BM MMQ+`vbiHHBM2 +QTT2`-Ǵ a+`BTi Ji2`X- pQHX 99-
MQX 3@N- TTX R9d8ĜR9d3- kyyRX
(9y) qX CX "#vF M/ 6X LX _?BM2b- ǳh?2 `2HiBQMb?BT #2ir22M i?2 #QmM/@
`v `2 M/ ?`/M2bb Q7 `2+`vbiHHBx2/ +`i`B/;2 #`bb-Ǵ h`MbX J2iHX
aQ+X- pQHX kR3- MQX R- TTX kRĜkj- RNeyX
(9R) uX 6X a?2M- GX Gm- ZX >X Gm- wX >X CBM- M/ EX Gm- ǳh2MbBH2 T`QT2`iB2b
Q7 +QTT2` rBi? MMQ@b+H2 irBMb-Ǵ a+`BTi Ki2`- pQHX 8k- TTX N3NĜNN9-
kyy8X
(9k) GX _2Kv- ǳhrBM@bHBT BMi2`+iBQM BM 7X+X+X +`vbiHb-Ǵ +i J2iHHm`;B+-
pQHX k8- TTX dRRĜdR9- RNddX
(9j) oX uKFQp- .X qQH7- aX _X S?BHHTQi- M/ >X :H2Bi2`- ǳ.BbHQ+iBQM@
/BbHQ+iBQM M/ /BbHQ+iBQM@irBM `2iBQM+ BM MMQ+`vbiHHBM2 H #v
KQH2+mH2` /vMKB+b bBKmHiBQMb-Ǵ +i Ji2`X- pQHX 8R- TTX 9Rj8Ĝ9R9d-
kyyjX
(99) GX _2Kv- ǳhrBM@irBM BMi2`+iBQM BM 7++ +`vbiHb-Ǵ a+`BTi J2iHHm`;B+-
pQHX RR- MQX j- TTX ReNĜRd9- RNddX
(98) AX "X _Kbi2BM2`- EX 1X C2Mb2M- .X X q2Bix- M/ 6X aT2T2M- ǳ1t@
T2`BK2MiH Q#b2`piBQM Q7 i?2 +`vbiHHBxiBQM Q7 ?`/@bT?2`2 +QHHQB/H
T`iB+H2b #v b2/BK2MiiBQM QMiQ  i M/ Tii2`M2/ bm`7+2b-Ǵ S?vbX _2pX
1- pQHX dN- MQX yRR9yj- kyyNX
(9e) JX CQ`M/- 6X _Qi?2M- M/ CX SB2`MbFB- ǳ.BbHQ+iBQM KQiBQM BM +QHHQB/H
+`vbiHb-Ǵ C S?vbB[m2 *j- pQHX 9e- MQX j- TX k98- RN38X
(9d) uX :Q M/ JX GX EBH7QBH- ǳ++m`i2 /2i2+iBQM M/ +QKTH2i2 i`+FBM;
Q7 H`;2 TQTmHiBQM Q7 72im`2b BM i?`22 /BK2MbBQMb-Ǵ PTiB+b 1tT`2bb-
pQHX Rd- MQX e- TTX 9e38Ĝ9dy9- kyyNX
R9N
*QHQT?QM
h?Bb i?2bBb rb ivT2b2i mbBM; Gh1s-
Q`B;BMHHv /2p2HQT2/ #v G2bHB2 GKTQ`i
M/ #b2/ QM .M _2+?iǶb h1sX
 i2KTHi2 i?i +M #2 mb2/ iQ 7Q`Ki 
S?. i?2bBb rBi? i?Bb HQQF M/ 722H Bb
7`22Hv pBH#H2 QMHBM2 i
?iiTb,ff;Bi?m#X+QKfbm+?QrfX
R8y
